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VIBRATION THEORY, VOL. lA 
Linear Vibration Theory 
Solved Problems, 3rd ed. 
Soren R. K. Nielsen 
Aalborg tekniske Universitetsforlag 
June 2004 

PREFACE 
The present collection of solved problems has been published as a supplement to the 
texbook Vibration Theory, Vol. 1. Linear Vibration Theory, Aalborg tekniske Univer-
sitetsforlag, 1998, which is used in the introductory course on structural dynamics on 
the 8th semester at Aalborg University for M.Sc. students in structural engineering. 
Throughout the text, references are made to the above textbook with the format "(3-
137)". For all examination problems the average score among the participating students 
has been indicated by the format "f.L = 18.8%". 
Kim J. M0rk, Ph.D. has formulated the problems for the examination on October 3, 
1990 and John Asmussen, Ph.D. has formulated the problems for the examinations on 
June 21, 1996 and August 26, 1996. Problem 1, September 14, 1988, was originally 
given for the final year examination on structural dynamics 1967-1968 at the Technical 
University of Denmark, and has been reprinted in this collection by courtesy of Professor, 
dr. techn. C. Dyrbye. However, I am the only one to blame for the translation into 
English, as well as for the indicated solutions. 
The present 2nd edition of the book appears as an update of the 1st edition published 
November, 1993. Problems on the analytical determination of eigenfrequencies of plane 
frames have been skipped in the present edition, since this subject is no longer taught 
in the course. Instead, problems on dynamic modelling based on the finite element 
method have been included. Further, all problems on linear stochastic vibration theory 
included in the 1st edition have also been omitted. 
Mrs. Solveig Hesselvang and Mrs. Kirsten Aakjrer have skillfully typed the manuscript , 
and Mrs. Norma Hornung has prepared the drawings. The help from all of them is 
gratefully acknowledged. 
Aalborg University, September 1998 
S0ren R. K. Nielsen 
The present 3rd edition of my textbook on linear vibration theory is unchanged in 
comparison to the 2nd edition. Only discovered typing errors have been corrected. 
Aalborg University, July 2004 
S0ren R. K. Nielsen 
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1. EXERCISES 
1.1 Lecture 1 
SUPPLEMENTARY PROBLEMS 
• September 5, 1990. Problem 1. 
• October 3, 1990. Problem 1, question 3. 
• August 24, 1994. Problem 1. 
• June 21 , 1996. Problem 1. 
PROBLEM 1 
x(t) 
t 
-27T 0 27T 47T 67T 
Determine the Fourier series for the saw-toothed wave shown in the figure. The result 
is wanted in the form of the exponential series 
00 
·(f) """' A iwm t X . = ~ me 
m.=- oo 
PROBLEM 2 
A~ ~I===E===A=~=::::::=e•m 
e b 
The beam in the figure is a homogeneously, massless Bernoulli-Euler beam of the length 
l , the height h, the width b and the elasticity modulus E. At the free end a point 
2 
mass rn. is attached. Determine the circular eigenfrequency, the eigenfrequency and the 
vibration period for the system. 
Data: rn = 5 kg, l = 0.25 m, b = 0.01 m, h = 0.01 m, E = 2.0 ·1011 Pa. 
PROBLEIVI 3 
~ ~P==' =====:~•~m===========:::Qc~ __.§ 
a 
e 
The figure shows a massless rope of the length l, which is prestressed with the force S. 
At a distance a from one of the ends a point mass 1n is attached. Only small vibrations 
normal to the equilibrium state are considered, and the horizontal component of the rope 
force is assumed to be constant equal to S during vibrations. Determine the circular 
eigenfrequency of the system. 
SOLUTIONS 
PROBLEM 1 
27l" 
T = 27l" ::::? WJ = T = 1 ::::? 
Fort E [0, 27r[ the signal is given as 
. . t 
.T(i) = -. 27l" 
From (A-3) it then follows that 
27r 
Cl m = __::::_ - · cos( nd) clt = ? J t { 1 
27l" 27l" . 0 
0 
(1) 
(2) 
m =0 
, 17/, = 1, 2, ... 
(3) 
3 
2rr 
2 J t . 1 bm =-;:;- - sin(mt) dt = --~7r 21r m1r 771 = 1, 2, ... (4) 
0 
From (A-4) and (A-5) it follows that 
1 
00 
( 1 ) x(t) =:) + ~ -- sin(m.t) = ~ 
~ m.7r 
m.= I 
00 
(5) 
m.=-oo 
where 
l(o-i(--1 )) m> 0 2 mrr 1 { 771 = 0 Am= l 771 = 0 2 2 _l_ m=f=O ~ ( 0 + i (- ( -~J)rr)) 2mrr m. < 0 (6) 
Notice, at the discontinuity points at t = n27r , n = 0, ±1, ±2, ... the series (5) is seen 
to give the value x(t) = ~ in accm:dance with (A-1). 
PROBLEM 2 
EI,massless 
/static equi:rium state 
t l x(t),i(t) 
e 
Fig. 1: Free mass during vibrations 
The beam is massless. Hence, the system has a single degree of freedom. The mass 111 
is cut free, and the shear force Q is applied as an external load to the mass. Newton's 
2nd law of motion provides 
nz,x = -Q (1) 
From static analysis of the linear elastic beam to the left of the cut it follows that 
Q =Le (2) 
4 
From (1) and (2) the equation of motion is then obtained 
m:Z: +b.: = 0 ==? 
2 k 3 
El 
wo = n1 = n1P 
13 1 3 1 84 I= -bh = - · 0.01 · 0.01 = - · 10- m 
12 12 12 
wo = 
3 · 2.0 1011 · / 2 · 10-8 rad rad 
____ ---=-=c_ _ - = 80-
5. 0.253 s s 
wo ~ 
-'o =- = 12.t3Hz 
.I' ') ~7r 
1 T0 = -1
. = 0.0785 s 
. 0 
PROBLEM 3 r static equilibrium st~te 
s_~~~~ 
T T 
m 
a e-a 
Fig. 1: Free mass during vibrations. 
(3) 
(4) 
(5) 
(6) 
(7) 
The system has a single degree of freedom x(t), which is chosen as the vertical displace-
ment from the static equilibrium state with a sign as shown in fig. 1. During vibrations 
the force in the rope is changed from S toT. If x « min(a, l-a), T and S are almost of 
equal magnitude, i.e. T ~ S. However, the direction ofT has changed, and the vertical 
component of the rope force influences the motion of the particle. The mass is cut free, 
and the vertical components ofT are applied as external loads to the mass. Newton's 
2nd law of motion provides 
.. . . f3 S X S X mx = -Tsma- Tsm ~- -- -- :::} 
a l-a 
1n.i + (! + - 1-) SJ.: = 0 (1) 
a l-a 
The circular eigenfrequency then follows from (2-7) 
wo = 
s 
---
a(l- a) m (2) 
5 
1.2 Lecture 2 
PROBLEM 1 
A mass m 1 is suspended in a linear elastic spring with spring constant k. A second 
mass in rest performs a free fall of the height h, and fix to the mass m.1 in a perfectly 
inelastic impact. Determine the succeeding motion of the system. 
PROBLEM 2 
Determine the motion of a linear viscous clamped system for the initial values :ro = 
0, :1: 0 = v0 . Plot the non-dimensional response ~ versus the non-dimensional time vo 
w0 t for the cases ( = 2.0, ( = 1.0, ( = 0.5. 
PROBLEM 3 
massless,EI = DO rill 
a 
b 
The beam in the figure is infinitely stiff and massless. Determine the equation of motion, 
the circular eigenfrequency and the clamping ratio of the system. Determine the critical 
value Ck of the clamping constant c. 
6 
PROBLEM 4 
r: k mean level of ~ ~surface roughness 
--------- ~--=:::::::::::: 
L 
The highly idealized vehicle shown in the figure consists of a mass m and a linear elastic 
spring with the spring constant kin permanent contact with the surface of a rough road. 
The profile of the road is approximated with a sine wave with the amplitude a and the 
wave length L. The vehicle is assumed to move at the constant speed v. Determine 
the motion of the vehicle in the vertical direction, and determine the most unfavourable 
speed of the vehicle. 
SOLUTIONS 
PROBLEM 1 
a) b) c) d) 
k 
t 
x(t) 
Fig. 1: a) Mass 1nz at rest before free fall. b) Fixation of masses. c) New static 
equilibrium state. cl) Vibrations from new static equilibrium state. 
After the mass 1n2 is fixed to the mass m 1 at the time t = o+ a new static equilibrium 
7 
state is attained. The elongation of the spring Xs from the old to the new equilibrium 
state is determined from (see fig. le) 
(1) 
g is the acceleration of gravity. After the fixation of the mass m2 the system has a 
single degree of freedom x(t) , which is measured from the new static equilibrium state 
as shown in fig. le. Then the equation of motion for the new system mass 111 = n1 1 + m 2 
IS giVen as 
m.i: + h.::r = 0 
x(t) = Xo sin(w0 t) + xo cos(wot) 
wo 
wo = {f = k 
The inital displacement x 0 is given as 
. . _ . _ m2g 
.1.Q - -:l.s - ---k 
(2) 
(3) 
(4) 
Ignoring the air friction the velocity of the mass m 2 at the time t = o- is given as 
v = V2ijli. The initial velocity :i: 0 of the mass m can then be determined from the 
equation of momentum 
(5) 
Inserting (3), (4) and (5) into (2) provides 
. 711 ? ~ 
x(t) = - y 2gh 
ml + rn.2 t::::: 0 (6) 
8 
PROBLEM 2 
(x 0 , i:o) = (0, v0 ) and ( = 2.0 in (2-42) provide 
:r(t) = vo ;;;- exp( -2w0 t) sinh( Vswot) 
wov3 
wox(t) 1 ( ) . ( 1o ) 
= ;;;- exp - 2wo t smh v 3wo t 
vo v3 
(xo, ±o) = (0, vo) and ( = 1.0 in (2-41) provide 
x(t) = v0 texp( -w0 t) ::::} 
wo:r( t) ( ) 
--'-·--'-- = wo t exp -wo t 
vo 
(xo, :i:o) = (0, v0 ) and ( = 0.5 in (2-40) provide 
x(t) = &s exp( -0.5wot) sin(Jo:75wot) ::::} 
wo 0.75 
Wo X ( t) 1 ( ;;:;-;::;;:: ) 
= J(f.75 exp( -0 .5wot) sin v0.75w0 t 
vo 0.15 
Below, (1), (2) and (3) have been plotted as a. function of w0 t. 
(1) 
(2) 
(3) 
9 
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w0 t 0.000 0 5 10 15 
b) w0 x(t) 
Vo 
0.375 
0.300 
0.225 
0.150 
0.075 
W 0 t 
0.000 0 5 10 15 
c) w0 x(t) 
Vo 
0.525 
0.450 
0.375 
0.300 
0 .225 
0.150 
0.075 
W 0 t 0 .000 
10 15 
-0.075 
Fig. 1: Eigenvibrations. a) Overcritical clamping, ( = 2.0. b) Critical clamping, 
( = 1.0. c) Unclercritical clamping, ( = 0.5. 
10 
PROBLEM 3 
equilibrium state 
a 
b 
Fig. 1: Forces on free beam. 
The system has a single degree of freedom, which is selected as the vertical displacement 
x( t) of the mass from the static equilibrium state. The beam is cut free from the spring 
and the damper, and the spring force k · ! :r(t) and the damper force cx(t) are applied 
as external forces with signs as shown in fig. 1. 
The equation of motion of the system can be formulated by means of the equation of 
moment of momentum applied at node 0. Then the unknown reaction force at point 0 
does not contribute to the external force moment. Further, the static gravity forces are 
eliminated from the equation of motion, because the vibrations are measured from the 
static equilibrium state. Assuming small vibrations from the static equlibrium state it 
then follows that 
cl ( ) b 
- m.xa = - ci: ·a - k- :r · b 
clt a (1) 
The momentum of the mass is rn:i:, and its moment of momentum around 0 is 1nxa. The 
left-hand side represents the time derivative of the moment of moment um. According 
to the equation of moment of momentum this quantity is equal to the moment of all 
external forces around 0 in the same direction, as indicated on the right-hand side of 
( 1 ). 
From ( 1) it follows that 
.. ') • . ? 0 
:r + :..,~w0 :r + w0:1: = 
wo = ~ - (k 
a V-;;{ 
(2) 
(3) 
. c 2~ wo = - =?-
rn 
. 1 a c 
~=---
2 b yk;;, 
The critical value Ck of the damping coefficients implies ( = 1. Hence 
b 
Ck =2-~ 
a 
11 
(4) 
(5) 
The equation of motion is most easily formulat ed by d 'Alembert 's principle, which is 
not assumed to be known to the students at the time of lecture 2. According to this 
principle the inertial force -rnx(t) is applied to the mass as an external load, see fig. 1. 
Next, the equation of motion is derived requiring the beam to be in static equilibrium 
under all applied external loads. Moment equilibrium at point 0 provides 
b 
-mx(t) · a - ci:( t ) ·a- k- :r(t) · b = 0 
. a 
which is identical to (1). 
PROBLEM 4 
s= vt 
... 
L 
-mx 
Fig. 1: Definition of road profile and forces on free vehicle mass. 
(6) 
s 
A ( s, y )-coordinate system is introduced with the s-axis along the mean level of the 
surface roughness as shown in fig. 1. In this coordinate system the road profile at the 
position s is given as 
y( s) = a sin ( 27r 2) (1) 
12 
The static equilibrium state is defined as the position of the mass, when the vehicle is 
at rest at a position, where y( s) = 0, i.e. at the mean level of the road profile. The 
displacement :c( t) of the vehicle mass is measured from this equilibrium state with a 
sign as shown in fig. 1. 
At the timet the moving vehicle is at the positions with the surface roughness y(s). 
The displacement is x(t). Hence, the elongation of the spring is x(t)- y(s). t = 0 is 
selected at the instant of time, where the vehicle is at the position s = 0. Then s = vt, 
see fig. 1. The mass is cut free, and the spring force k (;r( t)- y( vt)) is applied as external 
force with signs as shown in fig. 1. Newton's 2nd law of motion for the free vehicle 
mass then provides 
mi: = -k(:c(t)- y(vt)) => 
(2) 
{k 
wo = V -:;;; (3) 
w0 is the circular eigenfrequency of the vehicle. Inserting (1) on the right-hand side of 
(2) provides 
.. ? ? . ( t) x + w0x = w 0asm w 
V 
w = 27f-
L 
(4) 
(5) 
w as given by (5) is an artificial circular excitation frequency for the problem. The 
vehicle is assumed to have been driving in a sufficiently long time that any response 
from the initial values has been dissipated. Then only the stationary motion of ( 4) 
remains. This becomes 
w2 
;r(t) = ? 0 ? asin(wt) 
w0 -w-
(6) 
The most unfavourable speed Vc is the one causing the resonance, as occurs if w = w0 . 
In this case 
Vc 2rr-
L 
L 
Vc =-
To (7) 
To is the eigenperiod of the oscillator. In case v = Vc, the amplitudes of the oscillator 
increase infinitely proportional with the time. Physically, the critical velocity is attained, 
when the vehicle is travelling one wave length L during one eigenperiod T0 . 
13 
1.3 Lecture 3 
SUPPLEMENTARY PROBLEMS 
• May 14, 1987. Problem 3, question 1. 
• June 26, 1987. Problem 3, question 1. 
• June 16, 1989. Problem 2, question 3 (only the formulation of the equation of 
motion). 
• October 3, 1990. Problem 1, questions 1 and 2. 
• June 16, 1993. Problem 1. 
• August 31, 1993. Problem 1. 
• June 22, 1994. Problem. 1. 
• June 28, 1995. Probleml. 
PROBLEM 1 
A(t)=f0 cos(wt) 
rill 
2a a a 
The beam in the figure is massless and infinitely stiff. The spring is linearly elastic with 
the spring constant k, and the damper is linear viscous with the damping constant c. 
The indirectly acting force .f(t) is harmonic and has been acting during exceedingly long 
time. Determine the stationary motion of the point mass 111. Only small vibrations are 
considered. 
PROBLEM 2 
A linear viscous clamped single degree-of-freedom system is subjected to the harmonic 
force .f(t) = .fo cos wt. At the resonance the stationary amplitude is measured to be 0.58 
cm. At the frequency ratio !3 = ;o = 0.8 the stationary amplitude becomes 0.46 cm. 
Determine the damping ratio of the system. 
14 
PROBLEM 3 
f(t) 
h J~ H h 
x(t) ri ri ri ri 
t ~ 0 
T 
An undamped single degree-of-freedom_ system is subjected to a periodic system of 
positive impulses I of negligible time duration. The period between the impulses is T. 
Determine the stationary motion of the system. Plot the displacement and the velocity 
of the response versus the non-dimensional time ~ for w0 T = ~ and woT = 52rr, where 
w0 is the undamped circular eigenfrequency of the system. 
PROBLEM 4 
rP(t) =Fa sin (wt) 
a 
e 
The beam in the figure is a fixed-free homogeneously, massless Bernoulli-Euler beam 
free of clamping. The length is l and the bending stiffness is EI. At the free end of the 
beam a point mass rn is attached. The structure is at rest at the time t = 0, where the 
indirectly acting harmonic force P( t) = Po sin( wt) at the distance a from the fixation is 
applied. Determine the displacement response of the mass and the time variation of the 
bending moment lvf A ( t ) at the fixation at point A for w = wo , where w0 is the circular 
eigenfrequency of the system. 
15 
SOLUTIONS 
PROBLEM 1 
I massless tx(t) 0 
cx(t) 
2a a a 
Fig. 1: Forces on free beam. 
Since the beam is massless, the system has but a single degree of freedom, which is 
selected as the vertical displacement x(t) of the mass from the static equilibrium state. 
The beam is cut free from the spring and the damper, and the spring force ~kx(t) 
and the damper force cx(t) are applied as external forces with signs as shown -in fig. 
1. Further, the inertial load -mx is applied as an external load acting on the mass. 
According to d'Alembert's principle the equation of m.otion can then be formulated, 
expressing the static moment equilibrium around point 0. Hence 
( -mx- ci )4a + .f(t) · 3a- ~b: · 2a = 0 =? 
·: ') " .. 2 . _ 3 fa (. ) 
1. + ~(,w0 .1. + w 0 x- --cos wt 4m · (1) 
11f~ wo =- -
') ~ m. 
(2) 
c c (------
- 21nwo - v:;;J; (3) 
The stationary solution of (1) reads, cf. (2-64), (2-69), (2-70) 
x(t) = lXI cos(wt- w) (4) 
(5) 
16 
2(wow 
tan \1! = 2 ? w0 - w-
PROBLEM 2 
The dynamic amplification factor is given as, see (2-72), (2-73) 
IXIk 
IFI 
1 
For f3 = 1 one has lXI = 0.58 cm, i.e. 
0.58k 1 
--cn1=-IFI 2( 
For f3 = 0.8 one has lXI = 0.46 cm, i.e. 
From (2) and (3) it follows that 
0.58 
0.46 
)0.1296 + 2.56(2 
2( 
which has the unique solution 
( = 0.1847 
PROBLEM 3 
1 
)0.1296 + 2.56( 2 
(6) 
(1) 
(2) 
(3) 
(4) 
(5) 
Even though the excitation f( t) is periodic, it is too irregular to meet the requirements 
of the Fourier series expansion. Hence, the method resulting in the solut ion (2-95) 
cannot be used. 
The time axis is positioned, so that t = 0 is placed at an impulse. Between the impulses 
the system is performing undamped eigenvibrations with the circular frequency 
(1) 
17 
The m.otion in the interval ]0, T[ is given as, see (2-9) 
x(t) = Acos(wot- '11) } 
i: ( t) = - Awo sin ( wo t - '11) 
(2) 
The unknown amplitude A and phase '11 are determined, so that the motion becomes 
period, and the discontinuity requirements of the velocity at the impulses are met. At 
0+ ('>) . .· t = ~ IS given as 
:r ( 0 +) = A cos ~ } 
i: (o+) = Aw0 sin~ (3) 
The next impulse arrives at the timet= T. At the timet = T- (2) provides 
:r ( y-) = A cos ( wo T - ~) } 
x(T-) = -Awo sin(woT- ~) (4) 
The impulse at the time t = T does not affect the displacement, whereas the velocity 
has increased with 7~, cf. (2-103). Consequently, one has at the timet= y+ 
.r(T+) = ;-r(T-) = Acos(woT- ~) } 
x(T+) = x(T-) + !_ = -Aw0 sin(w0T- ~) + !_ 
m. rn 
(5) 
If the stationary motion is periodic with the period T) then X ( o+) = x(T+) and X ( o+) = 
x ( T+). From ( 3) and ( 5) it then follows that 
A cos~= A cos(woT- ~) 
. ) I Awo sin~= -Awo sin(woT- ~ +-
1n 
cos(woT- ~) -cos~= 0 
sin(w0 T- ~)+sin~= I 
rnAwo 
( woT) (woT ) sin 2 sin 2 - '11 = 0 
} ~
sin (w_o_T) cos (w_o_T _ ~) = _I_ 
2 2 2rnAwo 
} ~
(6) 
18 
The 1st equation of (6) implies sin (wf) = 0 V sin (w2T- '11) = 0. sin (w2T) 0 
implies that the 2nd equation cannot be fulfilled. Consequently, the solution_ ~s 
woT 
'11 = 2 + n7f n = 0, ±1, ±2, ... (7) 
The solution for the amplitude can then be written 
I 
A.= T (8) 
2mwo sin( w~ ) cos( n7f) 
It follows from (8) that A. = oo, if w~T = 1117f ' m = 1, 2,.... Introducing w 2;' 
infinite amplitudes are then attained at the frequency ratios 
wo - - 1 •) (9) 
- 111 ' 111 - ' ~' . . . . 
w 
By inserting (7) and (8) into (2) the following solution in the interval]O , T[ is obtained 
( t woT ) m.w 0 cos w 0 - -?- - n 7f 
-:r(t) = . -I · 2 sm( w~T) cos(rm) 
· ( w T ) rn . . sm wot- 7 - n7f 
- :r(t)=- -
I · 2 sin ( wf) cos( rm) 
cos(wot- ~) 
2 sin( w~T) 
sin(wot- ~) 
2 sin( w2 T) 
(10) 
The last statements of (10) follow from the trigonometrical identities cos(x- rm) = 
cos( x) cos( n1r) + sin(x) sin(n1r) = cos( x) cos( n1r) and sin(x - n1r) = sin( x) cos( n1r) -
cos( :r)sin(n1r) = sin(x)cos(n1r). For other intervals than ]O,T] the solution is con-
structed from (10) using the periodicity. Below, the non-dimensional responses (10) 
have been plotted against the non-dimensional time ,f for the cases w0T = f and 
T 511" wo = T · 
a) 
~CJo x(t) 
0.5 
t 
r 
0 1 2 3 
7 x(t) 
0.5 
t 
r 
o.or-----~----~~----~----~------~-----+------
0 1 2 3 
-0.5 
b) 
0.5 
~CJo x(t) 
t 
r 
O.Or---+-----~--+---~----+---~--~----~--~------
0 1 3 
-0.5 
7 x(t) 
Fig. 1: Displacement and velocity responses. a) woT = ~- b) woT = 52rr. 
19 
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PROBLEM 4 
rP(t)=Pasin (wt) lr -mx1 (t) 
EI, massless l ~m /static equilibrium state 
Fig. 1: Forces on the beam. 
Since the beam is massless the system has but a single degree of freedom, which is 
selected as the vertical displacement XI (t) of the mass from the static equilibrium state. 
The vertical displacement at the force is termed x 2 (t). According to d'Alembert's 
principle an inertial load -nz,:r 1 is applied to the mass, and the equation of motion can 
be derived from static calculations on the system. The displacement xi ( t) is made up 
of displacement contributions from P( t) and the inertial load, i.e. 
t > 0 
Since the system starts from. the rest the initial conditions of (1) read 
i:1(0) = 0 
The flexibility coefficients Du and D12 become, see (B-5) 
Du = 3~1 } 
a?(3l- a) Dl 2 = --'------'-
6EI 
Inserting (3) into (1) provides the differential equation for the motion 
.i:l (0) = 0 
fl = . f3EY 
wo =V~ V -;;;[3 
f. _ DI2 Po 
· 
0 
- Du 1n 
a2 (3l- a) P0 
2[3 m 
(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
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The solution of ( 4) reads 
(sin(wt)- :
0 
sin(wot)) 
:r1 ( t) = fo ? ? 
w0 - w-
(7) 
The validity of (7) is proved by inserting into ( 4). The displacement response is re-
quested for the resonance case w = wo. As seen from (7), the numerator as well as the 
denumerator becomes singular in this case. Consequently, a limit value analysis of (7) 
as w-+ w0 must be performed. w = wo + .6.w is introduced, and the following 1st order 
Ta.ylor-expansion in .6..w is performed 
sin( (wo + .6.w)t) = sin(w0 t) + tcos(w0 t).6.w + 0(.6..w 2 ) (8) 
where the order notation O(x) means that O(x) ~ A[x[, A being a positive constant. 
(7) can then be written 
. sin(wot) +tcos(wot).6.w- (1 + :~) sin(w0 t) + 0(.6..w 2 ) 
:r 1 ( t) = .fo 2 2 ·) .6.. .6.. ? 
w0 - w0 - ~wo w - w-
which provides the following limit as .6..w -+ 0 
. . wot cos(wot) - sin(wot) 
:r1(t) = -.fo ? 2w-o 
The moment a.t point A becomes, see fig. 1 
From (1) and (10) it follows that 
.. 1 012 . ( ) 
nu1 = -c-:rl(t) + c-Po sm wot = 
uu un 
1 wotcos(wot)- sin(wot) 812 . ( ) 
-. -fo ? + c-Po sm wot = 
bu 2w0 uu · 
(9) 
(10) 
(11) 
(12) 
where it has been used that • fo 2 = ~ P = ~~?l P0 , see eqs. (5) and (6). Inserting 
uttW0 "ti 811 m.w6 " 
(12) into (11) finally provides 
(13) 
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1.4 Lecture 4 
SUPPLEMENTARY PROBLEMS 
• May 14, 1987. Problem 1, question 1. 
• June 26, 1987. Problem 1, questions 1 and 2. 
• June 20, 1988. Problem 1, question 2. 
• June 20, 1988. Problem 3, question 1. 
• September 14, 1988. Problem 1, question 2. 
• June 16, 1989. Problem 1, question 1. 
• September 5, 1990. Problem 2, question 1. 
• October 3, 1990. Problem 2. 
• June 21, 1991. Problem 2, question 1. 
• September 4, 1991. Problem 1, question 1. 
• June 12, 1992. Problem 2. 
• June 16, 1993. Problem 2, question 1. 
• June 16, 1993. Problem 3, question 1. 
• August 31, 1993. Problem 2. 
• August 31, 1993. Problem 3. 
• August 24, 1994. Problem 2. 
• June 21, 1996. Problem 2, question 1. 
• August 26, 1996. Problem 1, question 1. 
• August 26, 1996. Problem 2, questions 1 and 2. 
• June 22, 1998. Problem 1. 
PROBLEM 1 
A ~!==E=I·=fL===O==I}.=iiii="'""""E""': ==oozil,fL=..,.,,f 
a a 
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The beam in the figure shows a horizontal rectilinear beam ABC. The sub-beam AB is 
a massless, homogeneous Bernoulli-Euler beam of bending stiffness EI. The beam BC 
is infinitely stiff with constant mass per unit length p. The length of both sub-beams 
is a. The beam is fixed at point A and is free at point C. Determine the undamped 
circular eigenfrequencies and eigenmodes of the structure. Only small vertical vibrations 
from the static equilibrium state are considered. 
PROBLEM 2 
~~=_==~~====~~~=E=£=~===0===~B 
a a 2a 
The figure shows a homogeneous, massless Bernoulli-Euler beam AB. The length of the 
beam is 4a and the b ending stiffness is EI. The beam is fixed , simply supported at point 
.4. and fixed at point B. Point masses of magnitude rn are placed at the middle and at 
the quarter point of the bearn. Determine the undamped circular eigenfrequencies and 
the eigenmodes of the system. 
PROBLEM 3 
c 
e 
m.Jo 
* cc 
The figure shows an infinitely stiff beam of the length l, supported by linear elastic 
springs with the spring constants k1 and kz. The mass of the beam is m and the mass 
moment of inertia around the centre of gravity CG is J 0 . CG is placed at a distance 
17! from the left end section where 17 E]O, 1[. C denotes an arbitrary point on the beam, 
placed at the distance ~~ from the left end section, where ~ E]O, 1[. The system has 2 
degrees of freedom , which are selected as the vertical displacement x and the rotation 
e in the counter-clockwise direction of the point c 0 
Question 1: 
Determine the equations of motion for the system. 
Question 2: 
Determine~ in such a way that the m ass matrix or the stiffness matrix becomes diagonal: 
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SOLUTIONS 
PROBLEM 1 
EI, f.L =0 
A 
a a 
Fig. 1: Inertial loads on beam and definition of degrees of freedom. 
Since the beam AB is massless, and the beam BC is infinitely stiff, the system has 2 
degrees of freedom, which are selected as the vertical displacement x B and the rotation 
() B of point B with signs as defined in fig. 1. 
The mass centre of gravity G of beam BC then attains the displacement ;-cc and the 
rotation ec defined as 
(1) 
()G = ()B (2) 
The inertial load of beam BC is statically equivalent to a force -mic and a moment 
-Jc()G applied at the centre of gravity and with signs as shown in fig. 1. m = pa is 
the mass of the beam BC and Jc = 1
1
2 t-w
3 is the mass moment of inertia referred to 
point G. These loads form the only excitation of the system during eigenvibrations. 
Consequently, the displacements x B and () B are caused by these loads. Hence 
( ··a) ( 1 ··) :-cs = /52,nxc -t-w(is +()s2) +8xnBc - 12 pa3()B 
()B = 6on2'c ( -pa(iB + Bs~)) +Don Be ( - 1~t-w3 BB) } (3) 
where the coefficient of influence Dxnxc, DxnBc, Oonxc and DBnBc specify the displace-
ment or rotation at point B from a unit force or unit moment at point G. From 
conventional static methods it follows that 
7 a3 
8XBXG = 12 EI 
a2 
8oBxc = EI 
a2 
bx BBc = 2EJ 
a 
boBBc = EI 
Then, (3) can be written as follows 
aBB = - -XB- -aBB {W
4 
( .. 7 ·· ) 
EI 12 
[ .i B l 1 'J E I [ 7 -4] [ ;r B l [ 0 l aBB + ~f.La4 -12 7 aeB 0 
The eigenvibrations are given as 
[XB(i)]-[qtll () aBB(t) - <Pz cos wt 
where the eigenmode is the solution to the linear homogeneous equations 
The characteristic equation becomes 
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(4) 
(5) 
(6) 
(7) 
(8) 
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The eigenmodes are normalized as follows 
j = 1,2 
The first component <Pij) is determined from the first equation of (7) 
a) 
b) 
{ 
v'3 
<P(j) = 4 = 3 
1 7->..· _v'3 
.7 3 
j = 1 
j = 2 
Fig. 2: a) 1st eigenmocle. b) 2nd eigenmode. 
(9) 
(10) 
(11) 
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!.x8 ~l 
12El 
a) } /~ 6El 
~-
a2 
B c 
a2 ~12El 
a3 
./ 4El '-
a 
b) 
c 
c) 
El El /12-x -6-e 
/ a3 B a2 B 
El El /6-x -4-e / a2 B a B 
c 
~ -J.La(xB + ]- 8B) 
Fig. 3: a) Shear force and moment at point B from unit displacement :-cB = 1. 
b) Shear force and moment at point B from unit rotation e B = 1. c) Forces and 
moments at the free beam BC. 
Alternatively, (5) can be derived, expressing that the shear force 12 ~{ XB- 6 ~{ eB and 
the bending moment 6 ~{:r B - 4 ~I e B' acting at point B on the free beam BC with 
signs as defined in fig. 3, must be in static equilibrium with the inertial load on the 
beam BC. The force and the moment equilibrium equations then read 
EI EI ( a·· ) ) 12-3 XB - 6-? BB+ f..la iB +;-BB = 0 a a- 2 
EI EI 1 3 ·· .. a. ·· a 6-XB- 4-BB- -11a BB- ua(:rB + -eB)- = 0 
a.2 a 12' ' 2 2 
(12) 
(12) is reduced to (5), if (12) is solved with respect to .i:B and aeB. 
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PROBLEM 2 
a 
b) 
a 
e 
2a 
static 
----equilibrium 
state 
Fig. 1: a) 2 degrees-of-freedom system. b) Influence function for displacement at point 
0 from unit force at 17l. 
The beam is massless. Hence, the system has 2 degrees of freedom, which are selected 
as the vertical displacements x 1 (t) and :r2(t) of the masses from the static equilibrium 
state with signs as defined in fig. la. 
The system is statically indeterminate, and the determination of the flexibility coeffi-
cients Oi.i needs to become a little involved. Using standard static analysis techniques 
the coefficient of influence for the displacement at point 0 from a unit force at point 
17l::; ~lis found as follows, see fig. lb 
8(~,17) = 1 ~~1 ((1-77) 2 ( (2 +77)(3~-e) -617)+ 
2(~- 77)((~- 77) 2 - 3(1- 77) 2)) ' 0::; 7]::; ~::; 1 
For the present case with l = 4a, ~' 17 = 0.25, 0.50 is found 
- 351 a 3 
011 
= 768 EI 
- 344 a 3 
012 
= 768 EI 
- 448 a 3 
022 
= 768 EI 
The mass and flexibility matrices of the system become, cf. (3-5), (3-6) 
0 l D _ a3 [ 351 344] 
1n ' - 768EI 344 448 
(1) 
(2) 
(3) 
The circular eigenfrequencies Wj and the eigenmodes (fl(i) 
(3-55) 
[0] . 1'> 0 ' J = ,~ 
j = 1,2 
The frequency condition becomes 
7 9 9- V482753 
77824 
7 9 9 + V482753 
77824 
j = 1 
j=2 
2397 -V4344777 !Jii rv 1 014 fJii ]. = 1 
304 v~- · v~ , 
2397+V4344777 !Jii rv 3 839 !Jii · •) 
304 V ~ - . V ~ , J = ~ 
The eigenmodes are normalized as follows 
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[ <Pij) ] then become, cf. <P(j) 
2 
(4) 
(5) 
(6) 
(7) 
(8) 
The first component <Pij) is determined from the first equation of ( 4) 
344,\j { 0.8689 ' 
<P 1 = 1- 351-\i = -1.1509 , 
.i = 1 
j = 2 
The eigenmodes h ave been sketched below in fig. 2. 
(9) 
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a) ~~ 
0.8689 
b) 
Fig. 2: a) 1st eigenmode. b) 2nd eigenmode. 
PROBLEM 3 
Question 1: 
rstatic equilibrium state 
--------,------,~------~ 
x 0(t) 
----- -mx0(t) 
eo(t) 
Fig. 1: Forces on the free beam. 
The beam is infinitely stiff and then has but 2 degrees of freedom, which are selected as 
the vertical displacement x( t) and the rotation e(t) of point c from the static equilibrium 
state with signs as defined in fig. 1. 
The vertical displacement .1: 0 (t) and the rotation e0 ( t) of the centre of gravity C G from 
the static equilibrium state with signs as defined in fig. 1 are introduced as auxiliary 
degrees of freedom. These are given as 
:ro(t) = x(t) + (17- e)W(t) (1) 
eo(t) = e(t) (2) 
The beam is cut free from the springs, and the spring forces are applied as external 
forces with signs as shown in fig. 1. Further, the inertial force -mx0 (t) and the inertial 
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moment -J0e0 (t) are applied as external loads acting in the centre of gravity according 
to cl' Alembert 's principle. The system must be in static equilibrium under the influence 
of these forces. Expressing the moment equation relative to point C, and using -(1) and 
(2), the equations of motion become 
m(x + (17- ()le)+ k1(:r- OB)+ k2(:r + (1- e)ze) = o 
Joe + m(x + (17- oze)(17- ()l- kl(x- oe)ez + k2(x + (1- OW)(1- e)l = 0 } =} 
Mx+Kx = o 
t _ [x(t)] M_ [n? (17- ()lm ] 
x( ) - e(t) ' - (17- ()lrn Jo + (17- () 2 l2 7n 
Question 2: 
From (3a) it follows that the mass matrix becomes diagonal if 
From ( 3b) it follows that the stiffness matrix becomes diagonal if 
ek1 = (1 - Ok2 :::} 
e = k2 
k:l + k~2 
(3) 
(3a) 
(3b) 
(4) 
(5) 
( 4) implies that C is placed in the centre of gravity. The point determined from (5) is 
denoted the elastic centre of gravity. A static force acting at this point will deform the 
beam without rotations. 
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1.5 Lecture 5 
SUPPLEMENTARY PROBLEMS 
• June 20, 1988. Problem 3, question 2. 
• September 14, 1988. Problem 1, question 1. 
• June 16, 1993. Problem 3, question 2. 
• June 22, 1994. Problem 2. 
• August 24, 1994. Problem 3. 
• June 19, 1997. Problem 1. 
PROBLEM 1 
Determine the undamped circular eigenfrequencies and eigenmodes of the 2 degrees-
of-freedom system shown in the figure. Next, determine the undamped motion of the 
system in case of the initial conditions from the static equilibrium state 
PROBLEM 2 
F 
The 2-storey structure shown in the figure has ma.ssless columns and infinitely stiff 
storey beams. The shear stiffness of the columns in the upper and lower storeys is 
k1 = k and k2 = 2k, respectively, and the corresponding storey masses are rn 1 = m and 
rn2 = 2rn . The system is loaded sta.tica.lly at the upper storey by a. horizontal force F, 
so that the displacement of this storey from the equilibrium state is x 1 = 1. At the 
time t = 0 the force F is momenta.neously removed. Determine the succeeding motio11 
of the structure. Damping is ignored. 
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SOLUTIONS 
PROBLEM 1 
The mass and stiffness matrix of the system becomes, cf. (3-39) 
M = [ 3m. 0 ] 0 171 K = [ 2k k ] - k 4k (1) 
T he circular eigenfrequencies w; and the eigenmodes <J>Iil = [ :!;; ] are then determined 
from , cf. (3-61) 
[
2k- wJ3n& 
- k 
-k ] [ ~(j) ] 
4k - wJn& ~tj) 
The characteristic equ ation becomes 
(2k- wj3m)(4k- wjm)- k2 = 0 ==> 
2 } 7=F J28 k wl 2 3 1?'), 
w2 
wl } = v7 'f 3Y2s Wo {f 
w2 
wo = . 
. 
The eigenmodes are normalized as follows 
. [ ~(j) l {_[>(J) = t ) j = 1, 2 
T he first component ~ij) is determined from the first equation of (2) 
(2k- wj3m)~ij) - k · 1 = 0 ==> 
(j) k { S+fS -:::= 30431 ~1 = = 
2k- wj3m. 5-(28-:::= -0
0
097 
j = 1 
j=2 
The eigenvibration x(t) = [ ~~~~~ ] due to the initial conditions x(O) = x 0 = 
0 (O) 0 [ X1 0 ] 0 o f X . = Xo = o' l S g1 ven as, C 0 (3-79) 
(2) 
(3) 
(4) 
(5) 
[ ~ ] and 
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The modal matrix becomes, cf. (3-83) 
[ 
5+v'28 
p = 3 
1 
5-rJ 
p-1 = 3v'28 [ 1 - 5 -(28 l 
56 -1 5±v'28 
3 
The expansion coefficients a 1 , a2, b1 , b2 are given by (3-81), (3-82) 
From (6), (8), (9) it follows that 
[ 1.289] :i:1,0 . (o 7 ~::~:: ) [ 0.014] :i:1,0. (? ') ) 0_376 wo sm . oowot + _0_140 wo sm ~.0~4w0 t 
PROBLEM 2 
kl (xl -x2) 
__?, (xl-xz) 
k2x2 
Fig. 1: Forces on free storey masses. 
(7) 
(8) 
(9) 
t ~ 0 (10) 
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The storey masses are cut free, and the shear forces from the columns are applied as 
external forces with signs as shown in fig. 1. Newton's 2nd law for the f~ee storey 
masses becomes 
1n1x1 = -k1 (x1 - x2) 
m2x2 = k1(x1- x2)- k2x2 } =} 
(1) 
Inserting k1 = k, k2 = 2k and m.1 =m, m2 ~ 2m the circular eigenfrequencies Wj and 
the eigenmodes <j;(il = [ :1::] then become, cf. (3-61) 
[
k - w]m 
-k: 
-I.~ ] [ 1>ij)] = [ 00] 
3k - w]2rn 1>~j) 
The frequency condition becomes 
( k - wjm) (3k- wj2m) - k2 = 0 :::} 
w 1?
2 
} - { ~ 1~ :::} w~ - <J.k. 
2 ~ n1 
The eigenmocles are normalized as follows 
... [1> (j) ] cp(J)= 1 
1 
j = 1,2 
The first component 1>ij) is determined from the first equation of (2) 
( . k' { ') J) . -1> - -1 
- k- wJm - -1 
j = 1 
j=2 
The solution of (1) clue to the initial conditions x(O) = Xo and x(O) 
requested. Xo is determined from the static equilibrium equation 
Kxo = [ ~] => 
(2) 
(3) 
(4) 
(5) 
Xo 0 l S 
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X1 0 k -k F --;:; F [ ] [ ] -1 [ ] [ 3] Xo = x 2 :0 = -k 3k 0 = k k (6) 
It is known that x 1 ,o = 1 ::::} f = ~. Hence 
Xo = [ k l (7) 
The eigenvibrations follow from (3-79) 
The modal matrix becomes, cf. (3-83) 
p = ~ [?
1 -~] ::::} 
p-1 = ~ [ 1 
3 -1 ;] (9) 
The expansion coefficients a1, a2, h, b2 are given by (3-81 ), (3-82) 
[a1] = p-1x0 = [ t] a2 -g- (10) 
(11) 
From (8), (10, (11) it follows that 
[ §_] (J2 ) [ ll ~ cos 2~ wot + -! cos( hwot) t 2: 0 (12) 
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1.6 Lecture 6 
PROBLEM 1 
;( f(t) =f0 sin(wt) 
The springs of the system shown in the figure are linear elastic with the indicated spring 
constants. The mass m 1 is subjected to a harmonic load f(t) = fo sin(wt), whereas 
the mass 1n2 is unloaded. The system can only move in the direction of the springs. 
Determine the stationary motion of the system. Show that the mass nt, 1 is a.t rest, if k2 
a.ncl m2 are selected, so that 
rr;; = w y-;;;; 
PROBLEM 2 
June 26, 1987. Problem 1. 
PROBLEM 3 
Problem 1 in lecture 3 is considered once a.ga.in. However , now the beam is a. homoge-
neous massless Bernoulli-Euler beam with the bending stiffness EI. Answer the same 
question a.s in problem 1, lecture 3. 
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SOLUTIONS 
PROBLEM 1 
The solution of problem 1 has been included as example 3-11 in the textbook and will 
not be reiterated here. 
PROBLEM 2 
See solution at June 26, 1987. Problem 1. 
PROBLEM 3 
A( t) =f0 cos(wt) 
a) 
2a a a 
b) 
Fig. 1: a) Single degree-of-freedom system with massless, flexible beam. b) Forces on 
free beam. 
The beam is still massless. Hence, the system still has but a single degree of freedom, 
which is selected as the vertical displacement X3 ( t) of the point mass rn from the static 
equilibrium state. However, because of the flexible beam the problem is most easily 
solved applying the solution methods for a multiple degrees-of-freedom system. In this 
context, artificial degrees of freedom x1 (t) and x2 ( t) are introduced, measuring the 
vertical displacement at the spring and the external force, as shown in fig. lb. The 
beam is cut free from the spring and the damper, and the damper force ci:3 (t) and the 
spring force b:1 (t) are applied as external forces with signs as shown in fig. lb. Further, 
the inertial load -mi:3 (t) is applied as an external load acting on the mass. Moment 
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equilibrium at point 0 then provides the equation of motion 
(1) 
Fig. 2: Composition of displacement at the spring. 
The displacement XI (t) at the spring is formed primarily by a stiff-body contribution 
of magnitude ~x 3 (t), as considered in lecture 3, problem 1. On the top of this, elastic 
increments of r;1agnitude 811 ( -kxi) and 812.f(t) from the spring force and the external 
force are present. 811 and 812 are the flexibility coefficients, when both ends of the beam 
are simply supported, as seen from the displacement curve shown in figure 2. It then 
follows that 
Eliminating XI (t) in (1) by means of (2), the following equation of motion is obtained 
·~ •) , .• 2 . • _ Fa (. ) 
:1.3 + ~~Wo:l3 + w 0 .r3 --cos wt 1TI 
where 
? k 
W(J = :::::} 
4(1+811 k)rn 
1 k 
wo =-
2 (1+8uk)m 
" c ~ = -.)-- = c 
~mw0 
1 + 8uk 
mk 
(3) 
(4) 
(5) 
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(6) 
The coefficients of influence become, see (B-1) 
(7) 
The decisive parameter reflecting the relative flexibility of the concentrated spring and 
the bending stiffness of the beam is 511 k = i~ ~;. The damping ratio of the system 
then depends on both k and the bending stiffness E I, as follows from ( 5). 
The stationary motion of the mass m now becomes , cf. (2-64) 
(8) 
(9) 
(10) 
where w 0 , (, Fo are given by ( 4), (5), (6), (7). 
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1. 7 Lecture 7 
SUPPLEMENTARY PROBLEMS 
• June 22, 1998. Problem 3, question 2. 
PROBLEM 1 
' c =2Vlffi1 
Determine the damped motion of the linear 2 degrees-of-freedom system shown in the 
figure in case of the initial conditions from the static equilibrium state 
Hint: Initially, check whether an expansion iri the undamped eigenmodes can be applied. 
PROBLEM 2 
The figure shows a homogeneous massless Bernoulli-Euler beam of the length l and the 
bending stiffness EI. At the quarter points a linear elastic spring with a spring constant 
k i, a linear viscous damper with a damper constant Ci, a point mass mi and an external 
load fi(i) are present . 
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Question 1: 
Determine the equations of motion of the system. 
Question 2: 
Determine the motion of the system in case fi(t) = h(t) = 0 and h(t) is a static load 
of the magnitude f 0 , which is momentaneously removed at t = 0. 
The following parameter values are applied 
1 k 192 EI 0 3? /12 {iij;;; w 1ere "o = -7- 13 , c = . ~V 7 V ----ra-13- · 
SOLUTIONS 
PROBLEM 1 
Fig. 1: Forces on free masses. 
The masses are cut free, and the spring and the damping forces are applied as external 
forces as shown in fig. 1. Newton's 2nd law of motion provides 
mi:1 = -kx1 + 2k(xz- .1:1) + c(±z- ±1) 
m:?;z = -kxz- 2k(1:2- x1) - c(i:z- i:1) } =} 
Mx + Cx + Kx = o , t > o 
x(t)= [x1 (t) ] , M= [m~ 
xz(t) 0 0 ] C _ [ c -c] K _ [ 3k m ' - -c c ' - -2k 
(1) 
-?kl 
3k: (2) 
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It follows from (2) that 
c c C=--M+-K 
2m 2k 
(3) 
Hence, the damping model is a Rayleigh damping model with ao = - 2~1 and a1 = Zck, cf. 
(3-284). Consequently, the decoupling condition (3-184) is fulfilled, and the expansion 
of the solution into undamped modal coordinates results in decoupled modal coordinate 
differential equations. Such an approach will then be followed. 
(j) 
The circular eigenfrequencies Wj and the eigenmodes cp(j) = [ :tj)] are obtained as 
non-trivial solutions of the homogeneous linear equations, cf. (3-6l) 
[
3k- wjrn 
-2k 
-2k ] [<r>ij)]=[oo] 
3k- w]m. <r>;j) 
The characteristic equation becomes 
u)2 = m 
{ 
k 
J 5i:_ 
1J1, 
Wj = { 
j = 1 
j=2 
j = 1 
j=2 
The eigenmocles are normalized as follows 
ifi. (j) -- [ q>1~j) ] ' 
'I" j = 1, 2 
The first component <r>ij) is determined from the first equation of ( 4) 
q>(j) = 2k = { 1 
1 3~~ - wjm. -1 
The modal masses become 
j = 1 
j=2 
j = 1, 2 
(4) 
(5) 
(6) 
(7) 
(8) 
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The displacement response is next expanded as a linear combination of the linear inde-
pendent basis vectors c)_)(l) and c)_)( 2 ) 
(9) 
The differential equations for the modal coordinates are given by (3-181), (3-182) , 
(3-183) with Fi(t)- 0 
+ w[qi = 0 , i = 1, 2 
c)_)U)TCc)_)Ul { 0 
(j = 2w IV! = Vs_c_ = •)Vs 
J J 5 ~ ~ 5 
j = 1 
j=2 
(10) 
(11) 
(12) 
In (11) the parameter value c = 2yT;; has been used. (12) confirms the modal de-
coupling already discovered from the expansion (3). The initial values related to (10) 
follow from (3-175) with xif = [xl,O, 0) , xif = [0 , 0] 
· · 1 (i)T { qi(O) = -c}_} Mxo = ]Vfi 
i = 1 
i = 2 
The solution of (10) then becomes, cf. (3-188) , (3-189) 
where , cf. (5) , (11) 
Wd,2 = W2 j 1 - (1 = VS fk 1 - (2 J5) 2 = fk = w 1 V -;;; 5 V -;;; 
(13) 
(14) 
(15) 
(16) 
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(17) 
Applying the initial conditions (13) and (14) in (15) and inserting the result into (9), 
the resulting damped eigenvibrations are obtained 
(18) 
Note: 
During eigenvibrations in the first eigenmode, the displacement of the two masses is 
completely identical. Hence, the relative velocity x2 - XI = 0, leaving the damper 
inactive. No dissipation of energy is performed during this eigenvibration, and (I = 0. 
At the eigenvibrations in the second eigenmode the masses move opposite to each other. 
The damper then becomes active only if the eigenvibrations in this mode are activated. 
PROBLEM 2 
Question 1: 
Fig. 1: Forces on the free beam. 
x3( t) e 
4 
The beam is massless. Hence, the system has 3 degrees of freedom which are selected as 
the vertical displacements :r i(t), :z_:z(t) and .r3 (t) of the masses from the static equilib-
rium state with signs as defined in fig. 1. The springs and the dampers are cut free from 
the beam, and the spring and damper forces are applied as external forces. Finally, the 
inertial forces -rniXi are applied as external forces and with signs as shown in fig. 1. 
The equations of motion then become, cf. (3-1) 
3 
xi= 'Loi.i(IJ(t) -1n.ix.i -c.i x.i -k.ix.i) 
j=1 
(1) 
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The flexibility matrix D with components given by the coefficient of influence for the 
displacement Dij for the free beam can be calculated as follows, cf. (B-1) 
D = 11 16 11 [3 [ 9 11 7] 
768El 7 11 9 
(2) 
The stiffness matrix from the beam stiffness alone then becomes 
192 El [ 23 -22 9] u- 1 = - 3 -22 32 -22 7 l 9 -22 23 
(3) 
On matrix form, after premultiplication of n- 1 , (1) can be written as follows 
M :X + ex + Kx = f(t) t>O (4) 
0 0 
x(t) = x 2 (t) , M= [
:r l(t)l 
n•z 0 c = 0 0 l [c1 
1713 ' 0 
Cz 0 l [h(t)l 0 'f(t) = fz(t) (5) 
x3( t) 
K = n- 1 + 
k _ 192 El 
0- 7 [3 
r 
k~l 0 kz 
0 
0 
[ 
23ko + J..~1 
-22k0 
9ko 
0 
-22k0 
32ko + k2 
-22k0 
C3 j3(t) 
9ko l 
-22k0 
23ko + k3 
(6) 
(7) 
In the present case the following data are specified k1 = k2 = k3 = 2k0 . Hence, the 
stiffness matrix becomes 
[ 
25 
K = -2~ 
-22 9] 
34 -22 k0 
-22 25 
(8) 
Ques tion 2: 
f(t) = 0 , t > 0. However , fz(t) = fo , t < 0, which causes the initial displacement x 0 , 
determined from the static equilibrium equation as follows 
The initial velocity is given as 
Xo = 0 
c C=-M 
1n 
r 
183 
176 
89 
176 
272 
176 
1 ~~ 11 Jo 1 183 l 0 7 18048 foP EI 
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(9) 
(10) 
(11) 
(11) is a special case of Rayleigh-damping with ao = ~1 and a1 = 0, cf. (3-284). Then, 
the decoupling condition (3-184) is fulfilled, and the solution of ( 4) with the initial 
conditions (9), (10) using expansion into undamped eigenmodes becomes possible. The 
circular eigenfrequencies and the eigenmodes are obtained as non-trivial solutions of the 
homogeneous linear equations, cf. (3-42), (5), (8) 
(K- w}M) q,U) = o :::} 
r 
25- Aj 
-22 
9 
-22 
34- /\j 
-22 
9 j 
-22 
25- Aj 
(12) 
(13) 
The characteristic equation, expressing that the determinant of the coefficient matrix 
of ( 13) is equal to zero becomes 
/\J - 84).; + 1276). j - 3008 = 0 :::} 
{ 
34- J968 ' 
A.i = 16 
34 + J968 
j = 1 
j=2 
j=3 
v1 92 (34- J968) ~ 7 m/3 
Wj = ffG~ m[3 
v192 (34 + J968) ~ 7 m[3 
(14) 
- 8.899~ 
' 
j = 1 m/3 
= 20.949~ 
' 
j=2 (15) 
=42.260~ m. 
' 
j=3 
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The eigenmodes are normalized as follows 
[ 
<I>(j) 1 
q;Ul = .p~i) (16) 
The first and second cornponents are determined from the first 2 equations of ( 12) 
(25- >.i) <I>ii) - 22<I>~i) + 9 · 1 = 0 } ==> 
- 22<I>i1) + (34- >.i) <I>~i) - 22 · 1 = 0 
<I>Ci) = 178 + 9>.1 = { -~ 
1 >.] - 59>.i + 366 
1 
j = 1 
j=2 
j=3 
. . 31::') ')')\ . { (J) iJ~- ~~/\) 
<I> - -2 
- >.] - 59). j + 366 -
The modal masses become 
4m 
2m 
4m 
J2, 
0 
- 0 v~ ' 
j = 1 
j=2 
j=3 
j = 1 
j = 2 
j=3 
(17a) 
(17b) 
(18) 
The displacement response is next expanded as a linear combination of the linear inde-
pendent basis vectors q.(l) , «J»( 2) and q-(3 ) 
(19) 
Using the decoupling condition q.(i)Tcq.Cil = 0 , i -=f. j, the differential equations for 
the modal coordinates are given by (3-187) with Fi(t) = 0 
j = 1,2,3 (20) 
The modal clamping ratios follow from (3-182). Using (11) with c = 0.32/¥ ~ 
the following is obtained 
j=1 
j=2 
j=3 
(21) 
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It follows that 
c ff2{f],I (·w· = (owo =- = 0.16 --;::;- -1 1 2m ( m.l3 ' j = 1, 2, 3 (22) 
The initial values related to (20) follow from (3-175), (9), (1 0), (18) 
{ 
(22+17h)q0 , j=1 
a1·(0) = -
1
-«P(j)TMxo = 0 ,· - ·") 
1 Jvf· ' . - ~ 
1 (22- 17h)qo , j = 3 
(23 ) 
q·1·(0) = -
1
-rt.. (j)TMx· 0 = 0 J. - 1 ') 3 Jvf · 'J!' ' - ' ~ , 
J 
(24) 
where 
(25) 
The solution to (20) , (23), (24) follows from (3-188), (3-189) 
wd · = w·J1- ( 2 
,] J J (27) 
Because q2 (0) = 0 it follows that q2 (t) = 0. The motion is then given by (17) , (19) 
r -(z 1 ( cos(w,,,t) + .,jl(~ (j sin(w,,,t)) (22- 17v'2)) (28) 
where (owo is given by (22) and qo is given by (25) . The solution (28) has been depicted 
below in fig. 2. 
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a) 
1 
11 
17 
0 
-1 
b) 
1 
0 
-1 
x1 (t) x3(t) 
x2(0) x2(0) 
t 
~ +-~--~~~---+-+~--~~~~~r-+-~--~~~--~-+~--
x2(t) 
--
X 2(0) 
t 
~ +-~--~~~---+-+~--~~~----r-+-~--7-~~--~-+~--
· Fig. 2: Calculated eigenvibrations, T1 = ~7. 
Note: 
Since the structure is sym.metric, and the loading is symmetric as well, the system could 
at once have been reduced to an equivalent 2 degrees-of-freedom system, with suitably 
selected boundary conditions in the symmetry section. 
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1.8 Lecture 8 
SUPPLEMENTARY PROBLEMS 
• May 14, 1987. Problem 1, question 2. 
• June 16, 1989. Problem 1, question 2. 
• September 28, 1989. Problem 1. 
• September 5, 1990. Problem 2, questions 2 and 3. 
• June 21, 1991. Problem 1. 
• June 21 , 1991. Problem 2, question 2. 
• September 4, 1991. Problem 1, question 2. 
• September 4, 1991. Problem 2. 
• June 12, 1992. Problem 1. 
• June 16, 1993. Problem 2, question 2. 
• June 21, 1996. Problem 2, question 2. 
• August 26 , 1996. Problem 2, question 3. 
• June 22, 1998. Problem 3, question 3. 
PROBLEM 1 
June 20, 1988. Problem 1. 
PROBLEM 2 
Q=====::J~-=======-~t====2=-::t=====::;:;::::==j:!=f=(=t)=~Fcos(wt) 
~ Ax 
e e e e e 0 
4 4 4 4 8 
The figure shows a homogeneous massless Bernoulli-Euler beam with the bending stiff-
ness EL The force on the cantilever part of the beam is assumed to have been acting 
for such a time that the response from any initial condition has been dissipated. Any 
influence from damping is ignored, and only small displacements from the initial state 
are considered. 
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Question 1: 
Determine the stationary response of each of the 3 masses as well as the point of action 
of the harmonic force with the amplitude F and the circular frequency w. 
Question 2: 
Determine the circular frequencies w = w; of the excitation for which the point of action 
of the harmonic force has the motion xo ( t) = 0. 
PROBLEM 3 
m XI 
-
a EI EI 
2m x2 
-
a EI EI 
3m x3 
-
a EI EI 
L'\ \ 
/////////////////////////. 
r---- y(t)=Ycos(wt) 
All storey beams in the 3-storey plane frame shown above are assumed to be infinitely 
stiff. The masses of the beams have been indicated in the figure. All columns are 
homogeneously massless Bernoulli-Euler beams of the length a and the bending stiffness 
EI. The structure is excited by a harmonic varying displacement of the support, which 
is assumed to have been acting for such a time that the response from any initial 
conditions has been dissipated. Any influence from the damping is ignored, and only 
small displacements from the initial static equilibrium state are considered. 
Question 1: 
Determine the stationary response of each of the 3 storeys. 
Question 2: 
Determine the circular frequencies w = Wi of the excitation for which the lowest storey 
has the motion :r3(t) = 0. 
SOLUTIONS 
PROBLEM 1 
See solution at June 20, 1988, problem 1. 
PROBLEM 2 
Question 1: 
.. 
-mx2 f( t) =Fcos(0Jt) 
EI\ 1 m 1 =m 1 m 2=m 1 m 3=2m /static o=~===~~~==~~~===4~====r;===:; -- equilibrium 
e 
4 
Fig. 1: Forces on the beam. 
e 
8 
state 
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The beam is massless. Hence, the system has 3 degrees of freedom, which are selected 
as the vertical displacements x 1 (t), :r2(t) and :r3(t) of the masses from the static equi-
librium state with signs as defined in fig. 1. The vertical displacement from the static 
equilibrium state of the point of action of the indirectly acting external force is de-
noted x 0 (t). The inertial forces -mixi(t) are applied as external forces and with signs 
as shown in fig. 1 according to d'Alembert's principle. The displacements x 0 (t) and 
:z:i(t), 1: = 1, 2, 3 are then given as, cf. (3-342), (3-343) 
3 
:ro(t) = Doo.f(t) + LDoj(-rnjij) (1) 
j=l 
3 
.Ti(t) = Dio.f(t) + LDij(-mjij), i = 1,2,3 (2) 
j=l 
The flexibility coefficients are given as, cf. (B-1), (B-3) 
_ 3 Z3 
000 
= 512 EI (3) 
r
bol1 1 z3 r-51 d - 6 --- -8 0 
-
02 
- 1024 EI 
Do3 -7 
(4) 
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(5) 
The equations of motion become, cf. (3-345) , (3-349) 
Mx + Kx = Kdo.f(t) (6) 
xo(t) = boo.f(t)- dJ'Mx (7) 
[xl(t)] [1n x(t) = x2(t) , M= 0 
X3 ( t) 0 
(8) 
[ 
23 -22 9] 
K = u- 1 = 
1 ~2 ~: -22 32 -22 
9 -22 23 
(9) 
With f(t) = F cos(wt) the stationary response of the masses is given as, cf. (3-352) , 
(3-353) 
x(t) = X cos(wi) (10) 
X= H(w)F (11) 
F = Kd0F = r:.
3 
[-~ ] F 
o6 -15 
(12) 
(13) 
(13a) 
h11 = 2.\2 -87.\ + 252 (13b) 
hl2 = -44.\ + 308 (13c) 
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(13d) 
h22 = 2>.2 - 69>. + 448 (13e) 
h23 = -22>. + 308 (13!) 
h33 = >. 2 - 55>. + 252 (13g) 
where 
(14) 
x(t) =X cos(wt) is in phase with the excitation f(t) = F cos(wt), and X is real, because 
the structural system is free of damping. From (11), (12), (13) it follows that 
1 [- 2/\
2
- 224>. -19601 FL3 
X = . 3 2 8>.
2 + 98>.- 3136 --
51.2( -2/\ + 133>. - 1204/\ + 784) _ 15>.2 + 728>. _ 2744 EI 
(15) 
The stationary response of the point of action of the indirectly acting harmonic force is 
given as, cf. (3-354) 
xo(t) = X 0 cos(wt) (16) 
where the amplitude X 0 follows from (7), (10) 
(17) 
Inserting (3), (4), (8), (15), and eliminating w2 from (17) by means of (14) , eq. (17) 
can be written 
x = 3(-17/\3 + 1260>.2 -15386>. + 21952) FZ 3 
-
0 14336( -2/\3 + 133>.2 - 1204>. + 784) EI 
Question 2: 
From ( 18) it follows that the displacement x 0 ( t) = 0, if 
-17>. 3 + 1260/\2 -15386>. + 21952 = 0 =} 
(18) 
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)...'. = 
J 
wt= 
J 
Notes: 
{ 
1.6428866 
13.277486 
59.197274 
6.713~ 
19.08~ 
40.30~ 
j = 1 
j=2 
j = 3 
j = 1 
j=2 
j=3 
(19) 
(20) 
w~, w~, w~ signify the circular eigenfrequencies of the modified system in which a fixed 
support is supplied at the point of action of the force. Harmonic excitations of the 
unmodified system with these circular frequencies at even very small amplitudes Xo 
will lead to significant displacements of the masses. This statement is also true in the 
limit as X 0 -+ 0. This resolves the apparent paradox that non-zero displacements of 
the masses may take place even if X 0 = 0. 
Instead of the applied direct evaluation of the frequency response matrix an expansion 
of this in terms of the eigenmodes as given by (3-353) can also be applied, i.e. 
3 
H(w) = (K- w 2M) -l = ~ 1 q,(i)q,(i)T 
· ~ lvf· (w 2 - w2 ) ]=1 J .1 
(21) 
PROBLEM 3 
Question 1: 
m xl 
-
a EI EI 
2m x2 
-
a EI EI 
3m x3 
-
a EI EI 
I I 
'////////////////////////. 
r----- y( t)= Ycos(CJt) 
Fig. 1: 3-storey plane frame subjected to harmonic excitation of supports. 
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The frame has 3 degrees of freedom which are selected as shown in fig. 1. The equation 
of motion of the frame becomes, see (3-329) 
Mx + Kx = KVy(t) 
where, see (3-15) 
l:r i(t)] x(t) = :r:z( t) x3(t) lrn , M= 0 0 
EI l 24 -24 0 1 K = - 3 -24 4S -24 
a 0 -24 30 
0 
2rn 
0 
(1) 
(2) 
(3) 
U is the influence vector specifying the quasi-static displacements in the selected degrees 
of freedom from unit displacement of the supports, y( t) = 1. Hence, 
(4) 
With y(t) = Y cos(wt) the stationary response of the storeys is given as 
x(t ) =X eos(wt) (5) 
X= H(w)F (6) 
(7) 
1 lhll h12 ( ') ) -1 H(w)= K-w-M = D h12 h22 h13 h23 hl31 h ?3 (S) h 33 
EI 
D = - 3 ( - 6>.
3 + 34S>.2 - 4032/\ + 3456) 
a 
(Sa) 
(Sb) 
h1 2 = -72>. + 720 (Se) 
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hl3 = 576 (8d) 
(Se) 
(8.f) 
(8g) 
where 
(9) 
x(t) =X cos(wt) is in phase with the excitation y(t) = Y cos(wt), and X is real, because 
the structural system is free of damping. From (6), (7), (8) it follows that 
X = ~ 288 - 12/\ ') r 288 1 -,\3 + 58,\2 - 672/\ + 576 288- 48,\ + >,2 
Question 2: 
From (10) it follows that the lowest storey has the displacement x 3 (t) = 0, if 
I { 24 - v'288 1 
\ = 24 + v'288 
j = 1 
j=2 
w'- = { 
.7 
)24 - V288 /5 , 
J 24 + 1288 (EJ v~ooy ~ , 
j = 1 
j=2 
(10) 
(11) 
(12) 
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1.9 Lecture 9 
SUPPLEMENTARY PROBLEMS 
• May 14, 1987. Problem 2. 
• June 20 , 1988. Problem 2. 
• September 5, 1990. Problem 3. 
• June 21, 1991. Problem 3. 
• September 4, 1991. Problem 3. 
• June 12, 1992. Problem 3, question 1. 
• June 22, 1994, Problem 3. 
• August 24, 1994. Problem 4. 
• June 28 , 1995. Problem 3. 
• June 21, 1996. Problem 3. 
• August 26, 1996. Problem 3. 
• June 19, 1997. Problem 2. 
• June 22, 1998. Problem 2. 
PROBLEM 1 
e r 
EI, J-i 
The figure shows a plane homogeneous Bernoulli-Euler beam of the length l. The 
bending stiffness is El and the mass per unit length is f-1· At one end section the beam 
is fixed and simply supported. The other end section is supported by a linear elastic 
spring with the spring constant k. Only small vibrations from the static equilibrium 
state are considered. 
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Question 1: 
Formulate the frequency condition for the determination of the undamped circular eigen-
frequencies of the system. 
Question 2: 
Determine the 5 lowest circular eigenfrequencies of the system for k = 10 f}, and com-
pare the result with the corresponding circular eigenfrequencies of a simply supported 
beam. 
PROBLEM 2 
EI, J.L 
e 
m 
• 
The figure shows a plane homogeneous Bernoulli-Euler beam of the length 2l. The 
bending stiffness is EI and the mass per unit length is fl. The beam is simply supported 
at both end sections. At the mid-section a point mass m is attached. Only small 
vibrations from the static equilibrium state are considered. 
Question 1: 
Formulate the frequency condition for the determination of the undamped circular eigen-
frequencies of the system. 
Question 2: 
Determine the 5 lowest circular eigenfrequencies of the system for m = f.Ll. 
PROBLEM 3 
June 16, 1989. Problem 1, question 3. 
SOLUTIONS 
PROBLEM 1 
Question 1: 
X 
~ y 
EI, f.-L 
e 
/
static 
equilibrium 
*-k-'--- state ~ 
Fig. 1: Beam with constant bending stiffness and constant mass per unit length. 
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The beam has constant bending stiffness EI and constant mass per unit length f-l· 
Further, it assumed that the normal force is N = 0. Hence, the eigenmodes are given 
by ( 4-18), ( 4-19) 
<P( x) = A sin (AT) + B cos (AT) + C sinh (AT) + D cosh (/\ T) (1) 
(2) 
The boundary conditions at x = 0 become, see ( 4-23) 
cz2 
<P(O) = dx2 <P(O) = 0 (3) 
(3) implies that B = D = 0, see (4-24). Then, (1) reduces to 
<P ( x) = A sin (A T) + C sinh (AT) (4) 
The mechanical boundary conditions at :r = l become, see (4-13) 
(5) 
EI c~~~3 <P(l) = k<P(l) (6) 
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Insertion of ( 4) into (5) and (6) provides the following homogeneous equations for the 
determination of A. and C 
~: (-A. sin A + C sinh A) = 0 } =? 
E I~: (-A. cos A + C cosh A) = k (A. sin A + C sinh A) 
[
-sin A 
-A 3 cos A - 1\. sin /\ 
sinh A l [A.] 
A 3 cosh /\ - 1\. sinh A C [~] (7) 
where 
kl3 
1\.=-
EI 
(8) 
The eigenmode ( 4) is non-trivial if A. =f. 0 V C =f. 0. Solutions A. =/= 0 V C =f. 0 to (7) 
can only be found , if the determinant of the coefficient matrix is equal to zero. The 
frequency condition then becomes 
- sin A ( /\ 3 cosh /\ - 1\. sinh A) + sinh A ( /\ 3 cos /\ + 1\. sin A) = 0 =? 
(9) 
Question 2: 
7..: = 10 If/ =? 1\. = 10. Inserting 1\. = 10 into (9), the following solutions for the frequency 
param.eter /\ are obtained by means of a suitable iteration scheme 
2.23133 j = 1 
4.09539 .i=2 
Aj = 7.09735 j = 3 (10) 
10.21963 j=4 
13.35598 j = 5 
The corresponding circular eigenfrequencies follow from (2) 
4.9788lft ttl4 
' 
j = 1 
16.7722lft 
' 
.i=2 
Wj = 50.3724lft 
' 
j = 3 (11) 
104.44o8lft 
' 
.i=4 
178.3822lft J = 5 
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The circular eigenfrequencies for a simply supported beam are given by ( 4-33) 
9.8696/!J j = 1 
39.4784/!J j = 2 
Wj = 88.8264/!J j=3 (12) 
157.9137 f!J j=4 
246.7401/!J j=5 
As seen, the circular eigenfrequencies (11) are significantly smaller than the correspond-
ing circular eigenfrequencies (12). From this it is concluded that k = 10 ~f is a relatively 
soft spring. Further, it is seen that the effect of the spring is somewhat more sensible 
to the lowest eigenfrequency. 
PROBLEM 2 
Question 1: 
a) J;;; EI, JJ-
e 
c)~ 
m 
• 
: 
EI, JJ-
e 
EI, JJ-
e 
r static 
~------"- equilibrium 
state 
~~ r static R===rE=I,=JJ-==~~~~~- equilibrium J;;; t <P(x) state 
X 
e 
Fig. 1: a) Symmetric structural system. b) Anti-symmetric eigenvibrations and equiv-
alent system. c) Symmetric eigenvibrations and equivalent system. 
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The system is mechanically and geometrically symmetric around the n1.id-point. Hence, 
the eigenvibrations separate into the anti-symmetric and symmetric eigenvib_rettions as 
shown in the figs. 1 b and le. 
Anti-symmetric eigenvibrations are characterized by zero displacements at the symme-
try point. Further, the curvature and hence the moment is zero at the symmetry point. 
For this reason anti-symmetric eigenvibrations can be analysed by the equivalent re-
duced system as shown in fig. lb, which is a simply supported homogeneous beam of 
the length l. Hence, anti-symmetric circular eigenfrequencies become, cf. (4-33) 
·? ? (Ei 
W2j = J -7r- V ---;J4 j = 1,2, ... (1) 
Symmetric eigenvibrations are characterized by the zero slope at the symmetry point. 
In the "middle" of the mass rn the shear force is zero. For this reason symmetric 
eigenvibrations can be analysed by the reduced system shown in fig. le. The eigenmode 
of the symmetric eigenvibrations is then the solution to the linear eigenvalue problem, 
cf. (4-13) 
d4 <I> ? 
EI- -f-lW-<I> = 0 
dx 4 
<I>(O) = 0 
d
d <I>(l) = 0 
X 
d2 . 
d:r2 <l>(O) = 0 
d3 . 2 rn EI-. <I>(l) = -w -<I>(l) 
d:r 3 2 
The solution of (2) is given by (4-18), (4-19) 
<I> ( :r) = A sin (A T) + B cos (AT) + C sinh (AT) + D cosh (A T) 
(2) 
(3) 
(4) 
The boundary conditions a.t :<: = 0 imply B = D = 0, see ( 4-24). Then (3) reduces to 
<I>(x) =Asin(Ay) +Csinh(Ay) (5) 
Inserting ( 5) into the boundary conditions at x = l the following homogeneous equations 
are obtained for the determination of A and C 
~ (A cos /\ + C cosh A) = 0 } ::::} 
A3 ( , ) ? rn ( . . ) Eir -A cos/\+ C cosh A = -w- 2 Asm/\ + CsmhA 
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[ 
cos,\ 
- cos ,\ + l ' ,\ sin ,\ 
cosh ,\ ] [ AC ] [ o
0 
] 
cosh ,\ + 1,\ sinh ,\ (6) 
where 
(7) 
The frequency condition then becomes 
2 + 1/\(ta.nh ,\-tan A) = 0 (8) 
Question 2: 
1n = {d ~ 1 = ~. Inserting 1 = ~ into (8), the following solutions for the frequency 
parameter ,\ is obtained by means of a suitable iteration scheme 
1.31966 j = 1 
4.23720 j = 3 
/\j = 7.28084 j = 5 (9) 
10.37046 j = 7 
13.48025 j = 9 
The corresponding circular eigenfrequencies follow from ( 4) 
1.7415/!h j = 1 
17.9539/!h lt/4 
' 
j = 3 
Wj = 53.0106/!h 
' 
j=5 (10) 
107.5464/!h 1Li4 
' 
j = 7 
181.7171/!h j = 9 
/ 
As seen from (1) and (10) anti-symmetric and symmetric eigenvibrations are changing, 
and the lowest mode is symmetric. 
PROBLEM 3 
See solution at June 16, 1989. Problem 1, question 3. 
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1.10 Lecture 10 
SUPPLEMENTARY PROBLEMS 
• June 28, 1995. Problem 2. 
• June 21, 1996. Problem 4. 
• August 26, 1996. Problem 4. 
PROBLEM 1 
June 19, 1997. Problem 3. 
PROBLEM 2 
June 22 , 1998. Problem 3, question 1. 
2. PROBLEMS FROM WRITTEN EXAMINATIONS 
2.1 May 14, 1987 
Duration: 3h 
PROBLEM 1 
a 
m 
• A 
a 
m 
• B 
a 
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The figure shows a plane horizontal massless linear elastic Bernoulli-Euler beam, free 
of damping and of the length 3a. The beam has constant bending stiffness EI and is 
simply supported at the end sections. At the third points A and B of the beam point 
masses of magnitude 1n have been attached. The structure is excited by a. harmonic 
displacement y( t) = Y cos( wt) a.t the right support . Only small vibrations from the 
static equilibrium state in the vertical direction are considered. 
Question 1 (20%. f-l = 16.3%) 
Determine the undamped circular eigenfrequencies, the eigenmodes and the modal 
masses of the structure. 
Question 2 (13%. f-l = 7.2%) 
Determine the stationary response of the system, when any influence from the initial 
conditions has been dissipated. 
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PROBLEM 2 
e 
c EJ=oo,f.L~ 
e; 2 
The figure shows a plane beam system consisting of two sub-beams AB and BC. Beam 
AB is a linear elastic Bernoulli-Euler beam of the length l with constant bending stiffness 
El and constant mass per unit length f.-l· Beam BC has the length t, and likewise 
constant mass per unit length f.-l· However, the beam is assumed to be infinitely stiff in 
bending and axial def~rmations. Only small vibrations of the beam AB in the transverse 
direction are considered. 
Question 1 (25%. f-l = 5.9%) 
Formulate the frequency condition for the determination of the undamped circular eigen-
frequencies at eigenvibrations in the plane of the structure. 
Question 2 (8%. f.-l = 6.8%) 
Sketch the lowest eigenmode (no calculations are requested). 
PROBLEM 3 
EI 
et) 
B 
2a a a 
The figure shows a plane horizontal massless linear elas tic Bernoulli-Euler beam free of 
damping. The beam length is 4a, the bending stiffness is constantly equal to El, and 
the beam is simply supported at the end sections. At the mid-point A a point mass m., a 
linear viscous damper with the damping constant c, and a linear elastic spring with the 
spring constant k have been applied. At the fourth point B the structure is excited by an 
external time-varying load F( t) acting in the vertical direction. Only small vibrations 
from the static equilibrium state in the vertical direction are considered. 
Question 1 (20%. f.-l = 16.9%) 
Determine the equation of motion of the structure and determine the undamped circular 
eigenfrequency and the clamping ratio. 
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SOLUTIONS 
PROBLEM 1 
Question 1: 
~ -mx1 ~-mx2 ( stat!~ _ eqmllbrmm m m EI state 
y( t )~ Ycos(c.Jt) 
mX,) + 6,(-mX2) 
a a a 
Fig. 1: Oscillating beam system. 
The beam is massless. Hence, the system has but 2 degrees of freedom, which are 
selected as the vertical displacements x 1 ( t) and Xz ( t) of the point masses from the 
static equilibrium state with signs as defined in fig. 1. The displament ~:i(t) is made 
up of a quasi-static component x~o) (t) from the stiff body motion of the beam and a 
dynamic component Oil ( -1nx1) + Diz ( - mxz) from the inert ial forces -rnx1 and -n1.i:2 . 
The quasi-static motion can be written 
The equations of motion then become, cf. (3-328) 
x 1 (t ) = ~:~0 )(t) +811(-mx1) +812(-mxz) } 
:r2(t) = :r~0 )(t) + 821 ( -mi:I) + 822 ( -mxz) 
The flexibility coefficients are given as, see (B-1 ) 
The equations of motion (2) can then be written, cf. (3-329) 
Mx + Kx = KUy(t) 
(1) 
(2) 
(3) 
(4) 
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x(t)= [x 1(t)], M= [m 0], K= ~EI [ 8 - 87] · · xz ( t) 0 m 5 a3 -7 (5) 
(j) 
The circular eigenfrequencies Wj and the eigenmodes <Jl(i) = [ :~j)] are obtained as 
non-trivial solutions of the homogeneous linear equations, cf. (3-42) 
7 ] [<I? ~J) ] = [ 0] 
8- Aj <1?~1 ) 0 
5 w 2nw3 
/\i = 6 1EI 
The characteristic equation becomes 
)... · = { 1 
J 15 
j=1 
j=2 
j = 1 
J=2 
The eigenmodes are normalized as follows 
The first component <I?~j) is determined from the first equation of (6) as follows 
j = 1 
J=2 
The modal masses become, see (3-152) 
J = 1,2 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
Question 2: 
With y(t) = Y cos(wt) the stationary response of the masses are given as 
:r(t) =X cos(wt) 
X =H(w)F 
F = KUY = ~ EI [ - 2 ] Y 
5 a 3 3 
? -1 2 q,U)q,(j)T 
H(w)=(K-w-M) =L ·( 2 2 ) 
. NI] WJ· - w ]=1 
Inserting (11), (12), (15), (16) in (14) the following solution is obtained 
X-~( 1 [1] 5 [-1])E__y_ 
- 5 wi - w 2 1 + wi - w 2 1 nw3 -
where wi and wi are given by (9). 
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(13) 
(14) 
(15) 
(16) 
(17) 
x(t) = Xcos(wt) is in phase with the excitation y(t) = Y cos(wt) and X is real, because 
the structural system is free of damping. Instead of the applied evaluation of the 
frequency response matrix in terms of the eigenmodes, a straightforward evaluation 
of H(w) = (K- w2 M)-1 can alternatively be performed in the present case of a 2 
degrees-of-freedom system. 
PROBLEM 2 
Question 1: 
~ 
f EI, 1-L 
X 
e 
Fig. 1: Equivalent structural system. 
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The beam BC is equivalent to a distributed mass at point B with the mass moment of 
inertia 
1 (z) 3 1 Jl = - f-l - = -f-ll3 
3 2 24 
(1) 
The beam AB has constant bending stiffness El and constant mass per unit length f-l· 
Hence, the eigenmodes are given by (4-18), (4-19) 
<1> ( x) = A sin ( /\ T) + B cos (A T) + C sinh (AT) + D cosh (AT) (2) 
(3) 
The boundary conditions at x = 0 become, see ( 4-23) 
<1>(0) = ::2 <1>(0) = 0 (4) 
(4) implies that B = D = 0, see (4-24). Then (2) reduces to 
<1> ( :r) = A sin (AT) + C sinh (A T) (5) 
The boundary conditions at :r = l become, see ( 4-13) 
<P(l) = 0 (6) 
(7) 
Inserting (5) into (6) and (7) the following homogeneous equations are obtained for the 
determination of A and C 
A sin /\ + C sinh A = 0 
El~: (-A sin A+ C sinh A) = ~w2 h (A cos A+ C cosh A) } ~
[
sin/\ 
. .\3 
sm A + 24 cos A 
sinh A l [ A l [ 0 ] 
- sinh A + ;: cosh A C = 0 (8) 
where w 2 J1 = 2
1
4 A 
4 ~J has been introduced into the 2nd equation, see (1 ), (3). Non-
trivial solutions of (8) are obtained if, and only if the determinant of the coefficient 
matrix becomes equal to zero. The frequency condition then becomes 
sin A (- sinh A + A 
3 
cosh A) - sinh /\ ( sin A + A 
3 
cos A) = 0 ::::} 24 24 
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A3 
tan A tanh A = 
48 
(tan A - tanh A) (9) 
The 5 lowest solutions of (9) and the corresponding circular eigenfrequencies become 
2.60833 j = 1 
4.32561 j=2 
Aj = 7.13908 j=3 (10) 
10.23308 j = 4 
13.36193 j = 5 
6 .8034~ 
' 
j = 1 
18.7 109~ ttl 4 
' 
j = 2 
Wj = 50.9665~ 
' 
j=3 (11) 
104.7159~ 
' 
j=4 
178 .5412~ 
' 
j=5 
Question 2: 
X 
e 
Fig. 2: Sketch of lowest eigenmode. 
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PROBLEM 3 
Question 1: 
-mk,lFx, F( t) (static 
{,(t) 
equilibrium 
EI state 
J;;; ~-
x, (t)~- eX, 
2a a a 
Fig. 1: Forces on a free beam. 
Because the beam is massless, the system has but a single degree of freedom, which 
is selected as the vertical displacement x1 ( t) of point A from the static equilibrium 
state with a sign as defined in the figure. Besides, an artificial degree of freedom x2 ( t) 
indicating the vertical displacement of point B is introduced. The beam is cut free 
from the spring and from the damper, and the spring force kx 1(t) and the damper force 
ci:1(t) are applied as external forces with signs as shown in fig. 1. Further, the inertial 
load -1nx 1 is applied as an external load acting on the mass according to cl' Alembert 's 
principle. The equation of motion then reads, cf. (2-160) 
a;1(t) = ou ( -mx1- ci:1- kx1) + o12F(t) =? 
.. . (k 1 ) 812 F( ) 
mxl + c:rl + ~ + On xl = Du t 
The flexibility coefficients become, cf. (B-1) 
4 a 3 h"u = --3EI 
11 a 3 op = ---
- 12 EI 
Eq. (1) can then be written 
(1) 
(12) 
(3) 
where the circular eigenfrequency w0 and the clamping ratio ( are given as, cf. (2-7), 
(2-39) 
(4) 
. c c 
c, - -- - -----r==== 
-
2mu.-'o - jm(4k + 3 ~[) (5) 
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2.2 June 26, 1987 
Duration: 3h 
PROBLEM 1 
FB(t)=Fsin(wt) FD(t) =Fcos(wt) 
Ao====rn==B===rn~~==========E=I======~cr========D~rnD=Zrn 
B 
~ 
a 2a a 
The figure shows a plane horizontal massless linear elastic Bernoulli-Euler beam of the 
length 4a and free of damping. The beam has constant b ending stiffness EI, and is 
simply supported at one end section at point A. At the other end section at point D the 
beam is supported by a linear elastic spring with the spring constant k. At the quarter 
point C at the distance a from point D, a simple support is present. At quarter point 
B at the distance a from point A a linear viscous damper with the clamping constant 
c is attached. At the points B and D point masses of magnitucles ms = 1n and 
mD = 2m are applied. At these points the structure is subjected to external dynamic 
loads Fs ( t) = F sin( wt) and FD ( t) = F cos( wt) acting in the vertical direction. Only 
small vibrations from the static equilibrium state in the vertical direction are considered. 
Question 1 ( 15%. f- l = 11.7%) 
Determine the equations of motion of the structure. 
Question 2 (10%. f-l = 5.7%) 
Determine the unclampecl circular eigenfrequencies and eigenmocles of the structure for 
1, _ Q El 
1\. - 8 a3 . 
Question 3 (15%. f-l = 4.3%) 
Determine the stationary displacement response of point B and point D when any 
influence from the initial conditions has been dissipated. 
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PROBLEM 2 
EI,f..L EI, f..L 
a 
2 
EI,J.L=O 
D 
a a 
The figure shows a plane beam system consisting of the beams AB, BC and BD. The 
beams AB and BC are horizontal linear elastic Bernoulli-Euler beams of the length a 
with constant bending stiffness EI and constant mass per unit length p. The beam 
BD is a vertical massless (p = 0) linear elastic Bernoulli-Euler beam of the length *' 
also with constant bending stiffness EI. All beams are assumed to be infinitely stiff 
against axial elongations, and are fixed to each other at point B. At the points A 
and C a movable simple support is attached. Horizontal movements of the b eam ABC 
are prevented by a fixed single support at point B. Beam BD is fixed at point D. 
Only small vibrations from the static equilibrium state in the transverse direction of 
the beams are considered. Influence from any damping mechanism is ignored. 
Question 1 (30%. fl = 10%) 
Formulate the frequency condition for the determination of the undamped circular eigen-
frequencies of the structure. 
SOLUTIONS 
PROBLEM 1 
Question 1: 
a 2a a 
Fig. 1: Forces on a free beam. 
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The beam_ is massless. Hence, the system has but 2 degrees of freedom, which are 
selected as the vertical displacements x 1 ( t) and x 2 ( t) of the points B and D_ -~rom the 
static equilibrium state with signs as defined in fig. 1. The beam is cut free from the 
damper at point Band from the spring at point D, and the damper force cx 1(t) and the 
spring force kx 2 (t) are applied as external forces with signs as shown in fig. 1. Further, 
the inertial loads -mx 1 (t) and -2mi2(t) are applied as external loads acting at points 
B and D according to d'Alembert's principle. The equation of motion then reads, cf. 
(3-1) 
x 1 (t) = 811 (Fs(t)- mx 1 - ex!)+ 812(Fv(t)- 2m,x2- kx2 ) } 
:r2(t) = 621 (Fs(t)- mx1- c±1) + o22(Fv(t)- 2mx2- kx2 ) 
The flexibility coefficients are given as, see (B-1), (B-2), (B-3) 
(1) 
(2) 
Using k = ~ ~f, the equations of motion (2) can then be written in the following matrix 
form 
Mx +ex+ Kx = f(t) 
x(t) = [ :r1(-t)] M= [m 0 l C = [c 0] 
· · :r 2 (t) ' 0 2m. ' 0 0 
f(t) = [Fs(t)l 
· Fv(t) [ F sin(wt) l = Re (Feiwt) F cos(wt) 
(3) 
(4) 
(5) 
(6) 
(7) 
The last statement of (6) follows because, Re(-iFeiwt) =Re ( - iF(cos(wt) + isin(wt))) 
= Fsin(u.d) and Re(F eiwt) = Re(F(cos(wt) +i sin(wt))) = Fcos(wt). 
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Question 2: 
The circular eigenfrequencies Wj and the eigenmodes q;Cil = [ :1::] are obtained as 
non-trivial solutions of the homogeneous linear equations, cf. (3-42) 
[ 3 - >. · 1 ] [ <I>i
1
)] = [ 0] (8) 
1 J 2- 2,\J· <J?(J) 0 
2 
The frequency condition becomes 
J = 1 
j=2 
J = 1 
J=2 
The eigenmodes are normalized as follows 
The first component <I>ij) is determined from the first equation of (8) as follows 
(3->.j)<I>ii)+1·1=0 =? 
<I>ij) = - 1 . = { -J6 + 2 ' 
3->.1 J6+2 
Question 3: 
J = 1 
J=2 
The stationary response of (3) becomes, see (3-100), (3-101) 
X=H(w)F 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
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where F is given by (7). It follows from ( 4), (13) that cp( 1)Tccp(2) = -2c # 0. Hence, 
the expansion (3-196) of the frequency response matrix H(w) in terms of the ~p.damped 
eigenmocles cannot be applied. Instead a straightforward evaluation of this quantity 
must be performed, cf. (3-102) 
[ 
27 EI - mw2 + iwc 
H(w) = (K - w2M + iwC) -1 = 8 a3 9 EI 
87 
9 EI ] -1 8£t3 
.!.§. Ef - 2rn,w2 
8 a 
(16) 
D = (27 EI- mw2 + iwc) (18 EI- 2m,w2) - (~ EI)2 
8 a 3 8 a 3 8 a 3 
(17) 
The amplitude vector (15) is written in the form 
(18) 
The displacement response (14) can then be written 
(19) 
The amplitudes IXil and phases \lli are determined, equating (15) and (18). In doing 
this, it should be noticed that the determinant D is complex. 
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PROBLEM 2 
Question 1: 
a) 
A EI, f.L 
EI, f.L=O 
D 
a 
EI, f.L 
a 
2 
a 
X 
a 
static 
equilibrium 
state 
equilibrium 
state 
static\ 
aA===E=I==~======B~----~ Jt x ~q)(x) 
a 
Fig. 1: a) Symmetric structural system. b) Anti-symmetric eigenvibrations and equiv-
alent system. c) Symmetric eigenvibrations and equivalent system. 
The system is mechanically and geometrically symmetric around the line BD. Hence, 
the eigenvibrations separate into anti-symmetric and symmetric eigenvibrations as shown 
in figs. 1 b and le. 
The equivalent systems for the analysis of anti-symmetric and symmetric eigenvibrations 
have also been indicated in figs. lb and le. These equivalent beams have constant 
bending stiffness EI and constant mass per unit length f-l· Hence, the eigenmodes for 
both equivalent systems are given by 1(4-18), (4-19) 
( r) ( x) ( :r) ( x) <I> ( x) = A sin A~ + B cos A ~ + C sinh ). ~ + D cosh ). --;, (1) 
(2) 
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The boundary conditions at point A ( x = 0) for both equivalent systems read, see ( 4-23) 
(3) 
(3) implies that B = D = 0, see ( 4-24). Then (1) reduces to 
<P ( x) = A sin (A ~) + C sinh (A~) (4) 
The anti-symmetric eigenvibrations, as shown in fig. 1 b, have zero displacement at 
point B. Because the nodal point B has been fixed against horizontal displacements, 
the massless column BD is equivalent to a rotational spring with the spring constant 
4.0 !:;~ . = 8.0 ~I. This spring stiffness is shared in equal parts by the two beam elements 
AB and BC during the anti-symmetric eigenvibrations. Hence, the spring stiffness 
T1 = 4.0 ~I should be applied to the equivalent reduced system as shown in fig. lb. The 
boundary conditions at point B (x =a) for the reduced equivalent system then become, 
see ( 4-13) 
(5) 
(6) 
Inserting ( 4) into ( 5) and ( 6) the following homogeneous equations are obtained for the 
determination of the constants A and C 
A sin /\ + C sinh A = 0 } ~/\ 2 ( , . ) EI /\ ( ) El--::; -AsinA+C smh /\ =-4-- AcosA+CcoshA 
a- a a 
sinh A ] [ A l [ 0 l 
-A sinh A - 4 cosh A C 0 (7) 
Non-trivial solutions of (7) are obtained if, and only if the determinant of the coefficient 
matrix becomes equal to zero. The frequency condition then reads 
sin /\ (-A sinh A - 4 cosh A) - sinh A (A sin A - 4 cos A) = 0 ::::} 
/\ 
- tan A tanh A + tan /\ - tanh A = 0 
2 (8) 
The 3 lowest solutions of (8), A1 , /\ 3 , A5 , have been shown below in table 1, where the 
corresponding eigenmodes have also been sketched. 
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The symmetric eigenvibrations, as shown in fig. le, have zero displacement and zero 
slope at point B. Hence, the boundary conditions at point B (1: = a) for the reduced 
equivalent system then become, cf. ( 4-36) · 
<P(a)=O (9) 
cl 
-l <P(a)=O 
GX 
(10) 
Inserting ( 4) into (9) and (10) the following homogeneous equations are obtained for 
the determination of the constants A and C 
A sin A + C sinh A = 0 } 
~ (A cos A + C cosh A) = 0 =? 
[
sin A 
cos A 
sinh A ] [ A ] [ 0 ] 
cosh/\ C 0 (11) 
The frequency condition then reads 
sin A cosh A - sinh A cos A = 0 =? 
tan A - tanh /\ = 0 (12) 
The 3lowest solutions of (12), A2, A,!, A6, have been shown below in table 1, along with 
a sketch of the corresponding eigenmodes. As seen the anti-symmetric and symmetric 
eigenvibrations are changing. 
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i A· 1 Eigenmode 
~ ~ 
~ ( ~ ~ 1 3.4907 
7.177: 
-= = ~ ~ ~ ~ 
2 3.9266 ~ £ 
7.177-
3 6 .5139 ~~~ 
4 7.0686 AY-~-
5 9.5956 r~r-~ 
6 10.2102 r~r~~ 
Table 1: Eigenvalues and eigenmodes of the system. 
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2.3 June 20, 1988 
Duration: 3h 
PROBLEM 11 
a 
B J-L ,EI= oo c 
EI 
a f-Lo=O 
The figure shows a plane beam system consisting of two sub-beams AB and BC both 
of the length a. The beam AB is a vertical massless linear elastic Bernoulli-Euler beam 
with the constant bending stiffness El. The beam BC is a horizontal infinitely stiff 
beam with the constant mass per uni t length J.L· Both sub-beams are infinitely stiff 
against axial elongations. The structure is fixed at point A and free at point C. The 
structure is excited by a harmonic rotation B(t ) = 80 cos(wt) of the support point A 
with a sign as defined in the figure. Only small vibrations in the plane of the structure 
are considered. The influence on the bending moments from any normal forces in the 
beam AB, as well as the influence of any damping mechanism is ignored. 
Question 1 (20%, J.L = 3.5%) 
Determine the equations of motion of the structure. 
Question 2 (13 %, J.L = 5.4%) 
Determine the undamped circular eigenfrequencies and the eigenmodes of the structure. 
1 Students have coined the nickname the gallows for this problem may be due to the modest score in 
the first quest ion . 
85 
PROBLEM 2 
Now, it is assumed that the beam AB is no longer massless , but has the conshint mass 
per unit length fla =/= 0. 
Question 1 (33%, fl = 19.5%) 
Formulate the frequency condition for the determination of the undamped circular eigen-
frequencies of the structure. 
PROBLEM 3 
A EI :fc EI c EI DC) 
~ ~ 
a a a 
The figure shows a plane horizontal massless linear elastic Bernoulli-Euler beam ABCD 
of the length 3a, and free of clamping. The beam has constant bending stiffness EI, 
and is simply supported at one end at point A . At the third point B at the distance 
a from point A a linear viscous damper with the damping constant c is applied. At 
the other third point C at the distance a from point B a simple support is present. At 
the end of the cantilever part of the beam at point D a point mass m is applied. At 
point D the beam is subjected to the external vertical dynamic load F(t). Only small 
vibrations from the static equilibrium state in the vertical direction are considered. 
Question 1 (10%, p = 7.8%) 
Formulate the equations of motion for the vertical displacement of the points B and D 
from the static equilibrium state. 
Question 2 (10%, fl = 5.7%) 
Assume that the external load is harmonic with the amplitude Fa and circular frequency 
w 
F(t) =Fa cos(wt) 
Determine the stationary displacement response of point D, when any influence from 
the initial conditions has been dissipated. 
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SOLUTIONS 
PROBLEM 1 
Question 1: 
a) 
b) 
Fig. 1: a) Kinematic description of the system. b) Inertial loads on the system. 
Since the beam AB is assumed to be massless in the present problem, the system has 
but 2 degrees of freedom which are selected as the horizontal displacement xs(t) and 
the rotation Bs of point B from the static equilibrium state with signs as shown in figure 
la. These displacement components are made up of quasi-static components x~)(t) and 
e~l(t), caused by the stiff-body motion of the structure from the rotation B(t) of point , 
and dynamic components from the inertial load on beam BC. The quasi-static rnotion 
can be written, see fig. la 
x(o)(t) = [x~)(t)l =[a] B(t) (_1) 
- e~l(t) 1 
The horizontal displacement xo(t), the vertical displacement y0 (t) and the rotation 
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e0 (t) of the centre of gravity CG of the beam BC from the static equilibrium state are 
introduced as auxiliary degrees of freedom with signs as defined in fig. lb. These are 
g1ven as 
xo(t) = XB(t) 
a 
Yo(t) = eB(t)2 (2) 
eo(t) = eB(t) 
Next, the inertial forces -pax0 and -t-taflo, and the inertial moment -J0 e0 with signs 
as shown in fig. 1 b are applied as external loads acting in the centre of gravity CG 
according to d'Alembert's principle. J0 = 1
1
2 pa
3 is the mass moment of inertia of the 
beam BC around CG. The equations of motion then read, cf. (3-328) 
XB( t) = :r~)(t) + Dx 8 x0 (-paxo) + Dx 8 y0 ( -pajjo) + Dx 8 B0 ( -JoBo) } 
eB(t) = e~)(t) + DeBxo ( -t-taio) + DeBYo ( -f-laflo) + DeBBo ( -Jo0o) 
(3) 
The flexibility coefficients Dx 8 x01 Dx 8 y0 and Dx 8 e0 indicate the displacement of point B 
from respectively a unit force at CG in the x 0 -direction, a unit force at CG in the y0 -
direction and a unit moment at CG in the eo-direction. Correspondingly, 8e8 xo, 8e8 Yo 
and 8e8 e0 indicate the rotation of point B from a unit force at CG in the x0 -direction, 
a unit force at CG in the y0 -direction and a unit moment at CG in the e0 -direction. 
From standard static analysis techniques these are found as 
a3 
DxBxo = 3EJ 
a2 
8eBxo = 2EI 
a3 
DxBYo = 4EJ 
a2 
DeBYo = 2EJ 
Using ( 1), (2) and ( 4) the equations of motion can be written 
[~ l][iB] EI[6 ? .. +-3 aeB pa4 0 ? l [ x B l = E I [ 6] e( t) 2 aeB f-La 3 2 
(4) 
(5) 
88 
Fig. 2: Alternative approach. Loads on the free beam BC. 
The beam. BC is cut free, and the shear force Q B and the bending moment lvfs m 
the beam AB at point B are applied as external loads with signs as shown in fig. 2. 
Alternatively, the equations of motion can then be derived, expressing that Q B and .Afs 
must be in equilibrium with the previously mentioned inertial loads acting at the centre 
of gravity CG of the beam BC , see fig. 2 
.. a 
lvfs + Joeo + payo · 2 = 0 } ~ 
(6) 
where (2) has been applied. Now, Q B and lvfs are caused by the dynamic displacement 
(:rs- ae) and dynamic rotation (es- e) of node B, since the stiff-body motion is not 
introducing any stresses in the structure. The following well-known stiffness relations 
then apply 
EI EI } Qs = -12-(xs- ae) + 6-(es- e) 
a3 a2 
EI EI ]\Ifs = -6 -(xs- ae) + 4-(es- e) 
a 2 a 
(7) 
Inserting (7) into (6) the following equations of motion are obtained 
.. +6-[ is l El [ 2 aes pa4 -3 -1] [ :c 8 ] = 6 EI [ 1] e(t) 2 aes f.la3 -1 (8) 
(8) can be reduced to (5) by pre-multiplication by the matrix [ ~ ~ ]· 
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Question 2: 
Eigenvibrations are given as, cf. (3-54) 
[ xs(t)] = [<1>1] ( t) a8s(t) <1>2 cos w (9) 
where the eigenmodes are the solution to the linear homogeneous equations, see eq. (8) 
The characteristic equation becomes 
)
2 (2- Aj - 3 · 1 = 0 =} 
j = 1 
j = 2 
v6(2- V3) f!!r , 
v6(2 + V3)f!!r , 
j = 1 
.i = 2 
The eigenmodes are normalized as follows 
j = 1,2 
The first component <I>ij) is determined from the first equation (10) 
j = 1 
j=2 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
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a) 
XB-Vs 
- 3 
b) 
Fig. 3: a) 1st eigenmode. b) 2nd eigenmode. 
PROBLEM 2 
Question 1: 
a 
Figure 1: Equivalent system. 
The effect of the infinitely stiff beam BC is equivalent to a distributed mass attached 
to point B with the mass m1 = fW and the mass moment of inertia ] 1 = k fla 3 around 
point B. Sections on the beam AB are identified by the x-axis orientated from point A 
as shown in figure 1. 
Because the beam AB has constant bending stiffness EI, constant mass per unit length 
flo and the normal force N can be ignored, the eigenmodes are given as , cf. ( 4-18), 
(4-19) 
q,( x) = A sin (A~) + B cos (A~) + C sinh (A~) + D cosh c\ ~) (1) 
(2) 
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The geometrical boundary conditions at point A (x = 0) become cf. (4-36) 
1>(0) = d~?; 1>(0) = 0 (3) 
Inserting (1) into (3) implies that C =-A and D =-B. Then (1) reduces to 
1> ( x) = A (sin (A~) - sinh (A~) ) + B (cos (A~) - cosh (A ~) ) (4) 
The mechanical boundary conditions at point B (:z.: =a) become, see (4-13) 
1 ? } J1 = 2/w-
7n1 = f-W 
(5) 
By inserting ( 4) into ( 5) and eliminating w 2 in the favour of the frequency parameter 
A by means of (2) , the following homogeneous equations are then obtained for the 
determination of the coefficients A and B 
A2 ( ) E I a 2 A (- sin A - sinh A) + B (- cos A - cosh A) = 
w 
2 
. ~ f-W 3 . ~ (A (cos /\ - cosh A) + B (- sin·/\ - sinh /\)) 
A3 ( ) E I a3 A (- cos A - cosh /\) + B (sin A - sinh /\) = 
- w 
2 
· f-La · ~ (A (sin A - sinh A) + B (cos A - cosh A)) 
K 21 (A) = cos A + cosh A - 1:__ A (sin A - sinh A) 
f-lo 
K 22 (A) = - sin /\ + sinh A - 1:__ A (cos A - cosh A) 
f-lo 
(6) 
(6a) 
(6b) 
(6c) 
(6d) 
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Non-trivial solutions A -1- 0 V B -1- 0 of (6) are obtained, if the determinant of the 
coefficient matrix is zero. The frequency condition then becomes 
(7) 
Using well-known trigonometric and hyperbolic identities, (7) can be reduced to the 
following form 
1 + -J-L 2 A 4 + cos A cosh A 1 - -J-L 2 A 4 - sm A cosh A 1 + -A- -A+ 1 ( 1 ) . ( 1 ?) 1-l 
3 3 3 J-Lo 
cos /\ sinh A 1 - -A- -A = 0 ( 1 ?) 1-l 3 /-lO (8) 
For llo = ll, the following solutions of (8) can be obtained by means of a suitable 
iteration scheme 
1.09667 j = 1 
2.05031 j - ? 
/\ = 4.91718 j = 3 
7.97027 j=4 
11.08039 j = 5 
PROBLEM 3 
Question 1: 
/
-mx1(t) 
equilibrium F(t)~ {static 
state 
p=========~========~r=======~~~-vm 
A B c 
x1 (t) 
a a a 
Fig. 1: Forces on a free beam. 
(9) 
The beam is massless. Hence, the system has but a single degree of freedom, which 
is selected as the vertical displacement x1 ( t) of point D from the static equilibrium 
state with a sign as defined in fig. 1. Besides, an auxiliary degree of freedom x 2 (t) is 
introduced for the vertical displacement of point B from the static equilibrium state. 
The beam is cut free from the damper, and the damper force ci:2 (t) is applied as an 
external force with a sign as defined in fig. 1. Further, the inertial load -mi1(t) is 
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applied as an external load in accordance with d'Alembert's principle. The equations 
of motion then read, cf. ( 3-1 ) 
x1(t) = 6n(F(t) -mx1 ) +612(-cx2) } 
;r2( t ) = 621(F(t) - mx1) +622(-cx2) 
The flexibility coefficients are given as, see (B-1) , (B-2) , (B-3) 
612 ] 1 a 3 [ 12 -3] 
622 = 12 EI -3 2 
(1) 
(2) 
The equations of motion for the displacements of point B and point D can then be 
written 
M :X + ex + Kx = f( t) (3) 
(4) 
f(t) = [~ l F (t) = ~ EI [2 3] K 5 a3 3 12 (5) 
J ocularly, the present system has been described as one having 1.5 degrees of freedom. 
Question 2: 
With F(t) =Fa cos(wt), the load vector can be written 
f(t) = F 0 cos(wt) (6) 
Fa = [ ~] Fa (7) 
The stationary response of (3) becomes, see (3- 100), (3-101 ) 
x(t) = Re(Xo eiwt) (8) 
Xa = H(w)Fa (9) 
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_ 1 [ 48 EI + iwc _ 12 EI ] 
_ 2 · 1 _ _ 5 a3 5 a 3 H(w)-(K-w M+zwC) -D 12EI BEI ( . . )2 
- 57 57 + zw m 
(10) 
( 8 E I . " ) ( 48 E I . ) ( 12 E I) 
2 
D = -- + (zw)-nl. --- + zwc - ---
5 a3 5 a3 5 a3 (11) 
From (6), (7), (8), (9) it then follows that the stationary response of the point D 
becomes 
P(iw) 
Hn(w) = Q(iw) 
P(z) = poz + P1 
1 48 EI 
Po = - , P1 = ---1n 5 rn.ca3 
48 EI 8 EI 
q1 = ---
5 ca3 ' q2 = 5 nw3 ' 
q
3 
= 48 _1 (EI) 2 
5 me a3 
(12) 
(13) 
(14) 
(15) 
(16) 
(17) 
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2.4 September 14, 1988 
Duration: 3h 
PROBLEM 1 
f(t)=Focos(6Jt) 
The system shown in the figure consists of 3 concentrated masses m 1 , 1n2 and m 3 , 
suspended vertically below each other. m 1 is connected to a linear elastic spring with 
the spring constant k1 , which is fixed at the other encl. rn 1 and 1n2 are connected with 
a. linear elastic spring with the spring constant k2. 1n2 and m 3 are connected with a 
linear elastic spring with the spring constant k3 . Finally, m 1 and m 3 are connected by 2 
linear elastic springs, each with the spring constant ~ k4 . It is assumed that the masses 
only move in the vertical direction. 
Question 1 (20%, {l = 13.9%) 
The mass m 3 is excited by an external vertical harmonic varying dynamic load .f( t) = 
F0 cos(wt) with the amplitude F0 and the circular frequency w. It is assumed that 
the load has been acting for such period of time that the response from the initial 
conditions has been dissipated. Otherwise, the effect of any damping mechanism is 
ignored. Analyse the possibilities for choosing k4 , so that the mass m 1 has the motion 
0, and determine the motion of the remaining masses. 
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Question 2 (13%, f.L = 7.6%) 
Determine the undamped circular eigenfrequencies and the eigenmodes of the system 
for the parameter values 
SOLUTIONS 
PROBLEM 1 
Question 1: 
a) 
xit) 
T xit) 
f( t) = Focos(wt) 
b) 
1 m, jw"'+::~j.A 
2k4 (x3-x1 ) /- 2k4 (x3-xJ 
f( t) = Focos(wt) 
Fig. 1: a) Definition of degrees of freedom. b) Forces on the free masses. 
The system has 3 degrees of freedom, which are selected as the vertical displacements 
:r. 1 (t), :r 2 (t) and x3(t) of the masses from the static equilibrium state with signs as 
defined in fig. la. The masses are cut free from the springs and the spring forces due 
to the relative motion of the masses are applied as external forces. The magnitude and 
the sign of the spring forces have been defined in fig. lb. The equations of motion are 
then obtained applying Newton's 2nd law of motion to each of the 3 masses 
1n1x1 = 2 · ~k4 (x3- x!) + k2(x2- xi)- k1x1 
n&2X2 = k3(x3- x2)- k2(x2 -x1) 
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Mx + Kx = f(t) = F 0 cos(wt) (1) 
[ x ,(t) 1 [m, 0 JJ Fo =m Fo x(t) = x2(t) M= 0 m2 X3( i) 0 0 (2) 
[ k, + k, + k, -k2 
-k. 1 K= -k2 k2 + k3 -k3 
- k4 -k3 k3 + k4 
(3) 
With f(t) = F 0 cos(wt) the stationary displacement response of the masses is given as, 
cf. (3-100), (3-101) 
x(t) =X cos(wt) (4) 
[xl1 X= ~2 = H(w)Fo 
_,\:3 
(5) 
1 [ hu H(w) = (K- w 2M) -l = D h12 
hl3 
(6) 
D = (k1 + k2 + k3- w 2m1) ( (k2 + k:3- w 2m2) (k3 + k4- w21n3) - ki) -
ki(k2 + !t:3- w 2 m2)- ki(k3 + k4- w21n3)- 2!t:2k3k4 (6a) 
h11 = (k2 + k3- w2m2) (k3 + k4- w2m3)- kj (6b) 
h12 = k2(k3 + k4 - w2m3) + k3k,1 (6c) 
h13 = k4(k2 + k3- w2m2) + k2k3 (6d) 
h22 = (k1 + k2 + k4- w21nr) (":3 + k4- w 2 m3) - k~ (6e) 
h23 = k3(k1 + "-~2 + k4- w 2 m1) + k2k4 (6f) 
h33 = (k1 + k2 + k4- w2n1-1) (k2 + k3 - W2 71/,2)- ki (6g) 
x(t) = X cos(wt) is in phase with the excitation f(t) = F 0 cos(wt ), and X is real, because 
the structural system is free of clamping. From (2), (5), (6) it follows that 
(7) 
where D, h13, h23 and h.33 are given by (6a), (6cl), (6f) and (6g) . 
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x 1(t) = 0, if and only if X 1 = 0. This is the case if h13 (w) = 0. From (6d) it follows 
that 
(8) 
k4 must be positive for any physically realizable solution. k4 can then only be chosen 
so that the mass n-z, 1 is at rest, if the denominator of (8) is positive, i. e . if the circular 
frequency of the excitation fulfils 
(9) 
m2 
At low frequency excitations, not fulfilling (9), m 1 will be moved for any choice of 
k4 E]O , oo[. This is especially the case in the quasi-static case w = 0. If k4 fulfils (8), 
one has 
(10) 
By inserting (10) into (6a), (6f), (6g) the following amplitudes of the displacement 
response are obtained after a little algebra 
X = [ ~: l = -k-3 k-·4_+_k_2--;-( k-"3-~-k-.4-_-W-2 7-71-. 3.,-) (11) 
Question 2: 
For m 1 = m 2 = m 3 = m and k1 = k2 = k3 = k the circular eigenfrequencies and the 
eigenmodes are obtained as non-trivial solutions of the homogeneous linear equations , 
cf. (3-42), (2), (3) 
[ 
3- >.i 
-1 
-1 
-1 
2- >.i 
-1 
-1 l 
-1 
2- >.i 
(12) 
(13) 
The frequency condition, expressing that the determinant of the coefficient matrix of 
(12) is equal to zero becomes 
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{ 
2-vs , J=1 
)..) = 3 ' j = 2 
2+J3 , J=3 
(14) 
J2- vsv'f , j = 1 
Wj = vsv'f j = 2 (15) 
J2 + vsv'f , j = 3 
The eigennodes are normalized as follows 
j = 1,2,3 (16) 
<I>ij) and <I>~j) are determined from the first 2 equations of (12) 
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2.5 June 16, 1989 
Duration: 3h 
PROBLEM 1 
ml 
f(t)=F0 cos(wt) f( t)= F0 cos(wt) a A A 
-- -- a 
m2 
JL ,EI JL=O 2a 
EI 
The figure to the left shows a plane vertical Bernoulli-Euler cantilever beam of the 
length 4a. The beam has constant bending stiffness EI and constant mass per unit 
length ~l. Vibrations in the axial direction and vibrations out of the plane are ignored. 
The figure to the right shows a similar system with the only difference that the beam 
is assumed to be massless. Instead a concentrated mass m 1 is applied to the beam at 
the free end and a concentrated mass n1. 2 is applied at the mid-point. 
Question 1 (25%) 
Show that the 2 lowest undamped circular eigenfrequencies of the 2 systems become 
identical, if the concentrated masses are chosen as follows 
m 1 = 0.869229~w m2 = 1.009398~w 
Question 2 (13%) 
The system to the right in the figure is excited by a horizontal harmonic varying force 
f(t) = F0 cos(wt) with the amplitude Fo and the circular frequency w. The force is 
acting at the quarter point A at the distance a from the free end. 
Determine the stationary displacement response of the point masses m 1 and m 2 , when 
these are given by the figures indicated in problem 1. It is assumed that the load has 
been acting for such period of time that the response from the initial conditions has 
been dissipated. Otherwise, the effect of any damping mechanism is ignored. 
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Question 3 (25%) 
Next , the system to the left is also excited by the same harmonic varying lEmd acting 
at the quarter point A. 
Determine the stationary displacement response of the free end of the beam using modal 
analyses, where 2 modal coordinates are retained in the truncated modal expansion. 
Again, damping effects are ignored. 
The following definite integral may be useful at the solution of the problem 
1 j ( (cos >-+cosh,\) (sin( >.:r) -sinh( >.x))- (sin >-+sinh ,\) (cos( >.x) -cosh( /\x))) 2 dx = 
0 
{ 
17.1242 
2877.82 
SOLUTIONS 
PROBLEM 1 
Question 1: 
>. = 1.8751 
>. = 4.6941 
The undamped circular eigenfrequencies of a cantileverecl homogeneous beam are given 
as , see ( 4-41) , (4-42) 
{ 
1.87510 
>. -
J - 4.69409 
j = 1 
j=2 
A 4 EI 1 { 0.0482905 EI _l_ 2 J a 3 J.La 
wj = 256 a3 f-La = 1.8965578 EI l 
a 3 J.La 
-m2xl rml xl(t) 
--
f( t)= F0 cos(wt) A xo(t) a 
--
2a 
El, J..L=O 
Fig. 1: Forces on the oscillating beam. 
j = 1 
j = 2 
(1) 
(2) 
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Since the beam is assumed to be massless, the system has but 2 degrees of freedom, 
which are selected as the horizontal displacements XI ( t) and x 2 ( t) of the m~sses from 
the static equilibrium state with signs as defined in fig. 1. Besides, an artifici~l degree 
of freedom xo ( t) is introduced, indicating the horizontal displacement of point A from 
the static equilibrium state. Further, inertial loads -n•I XI and -mi2 are applied as 
external forces at the masses with signs as shown in fig. 1, according to d'Alembert's 
principle. The equations of motion then read, cf. (3-343) 
xi(t) =Dio.f(t) +8u(-miii) +8I2(-m2i2) } 
x2(t) = 82of(t) +82I(-miii) +822(-m2i2) 
The flexibility coefficients are given as, cf. (B-5) 
do = [ 8Io] = ~ ~ [ 81] 
82o 6 El 28 
~I2]=~~[1~ 5] 
b22 3 El V 2 
The equations of motion can then be written, cf. (3-349) 
Mx + Kx = KdoFo cos(wt) = F 0 cos(wt) 
1 [ ')•)] F 0 = KdoFo = 56 ~3 Fa 
K = n-I =~El [ 2 -
16
5] 
28 a 3 -5 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
Undamped circular eigenfrequencies Wj and eigenmodes .pUl [
<I>(j)l <I>~j) become, cf. 
(3-42) 
[ _;- ~jml ~6- a;m,] [ :1:; l (9) 
28 a 3 ? 
o:· =- --w-: 1 3 El 1 (10) 
The characteristic equation then becomes 
O:J } = 8m1 + 1n2 =f ..j64mi + 9mi rn2 +m~ 
o: 2 n•1 rn2 
(11) 
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Equating wi and wi as given by (10), (ll) with wi and wi given by (2), the following 
2 equations are obtained for m1 and m2 
1 8m1 + rrL? - J64mi + 9ml m? + rn~ 0.4507ll2- = - - -
~a m1m2 
1 8m1 + m2 + · 164m21 + 9m1rn2 +m~ 17.701206- = V -
(12) 
~a m1m2 
Adding and subtracting these equations the following equivalent equations are obtained 
1 1 8 
9.0759588- = - + -
~a rn1 m2 
8.6252476 2_ = 
~w. 
(13a) and (13b) are squared, and the results are subtracted. The result reads 
7.9781322 (:a) 2 7 
(13a) and (13c) have the alternative solutions 
Tlc 1 = 0.8692291~a } 
m2 = 1.0093982~w 
rn1 = 0.1261748~w } 
m2 = 6.9538330~a 
(13a) 
(13b) 
(13c) 
(14a) 
(14b) 
Both solutions (14a) and (14b) imply that the eigenfrequencies of the discrete system 
will be identical to the lowest two eigenfrequencies of the continuous system. A simple 
lumped mass solution to the problem gives the result rn1 = ~a, m2 = 2~a. From this 
it can be concluded that (14a) is the physical meaningful solution, which consequently 
should be preferred. 
Question 2: 
The stationary solution to (6) is given as, cf. (3-100), (3-101 ), (3-102) 
x(t) = Xcos(wt) (15) 
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X = [ :~~] = H(w )Fo (16) 
H(w) = (K - w2 M) -l = 
4 a 3 1 [ 16 - 9.4210499a 5 ] 
3 EI (1- ~n (1 - ~n 5 2- 8.1128049a (17) 
(18) 
where wi and wi are given by (2). From (8) and (16) it then follows 
X = X,1 = 1 13.5- 4.934836a Foa 
[ 
" ] [ ] 3 
.\2 ( 1 _ ~n ( 1 _ ~n 4.666667- 8.305967a EI (19) 
Question 3: 
x 1 ( t) 
f(t)=F0cos(rA) a A 
-----
u (x, t) 
e 
3a 
f1- ,EI 
X 
Fig. 2: Continuous beam problem. 
A local ( :r, y )-coordinate system is introduced for the homogeneous cantilever beam as 
shown in fig. 2. The horizontal displacement from the static equilibrium state is given 
by the following truncated modal expansion, cf. (4-52) 
2 
u(x, t ) = L <I>(j)(x)qj(t ) (20) 
j=l 
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The eigenmodes are given as, see ( 4-43) 
j = 1,2 (21) 
where the eigenvalues Aj are given by (1). l = 4a signifies the length of the beam, see 
fig. 2. 
The modal coordinates are obtained as the solutions of the decoupled differential 
equations, see ( 4-53) 
j = 1,2 
The modal mass is given by ( 4-46) 
I 
lvfj = j f-l(1:)(<I>(j)(x)) 2 d:r = 
0 
1 
f-l · 4a j ( (cos Aj +cosh Aj) (sin(A.iO - sinh(>..iO)-
0 
j = 1 
j = 2 
(22) 
(23) 
where the information given in the problem text has been utilized. The concentrated 
load at :r = 3a can formally be written as the following load per unit length, cf. ( 4-68) 
.fd(x,t) = j(t)8(1: - 3a) = F0 cos(wt)o(x- 3a) 
The modal loads then become, see ( 4-54) 
I 
Fj(i) = j <I>(j)(x)fd (x, t)dx = <I>(j)(3a)Fo cos(wt) 
0 
where 
(. ') . { 5.443693 ' 
<I> 1 (3a) = 
. 14.48248 
j = 1 
j=2 
(24) 
(25) 
(26) 
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With Fj(t) = F0 <I>(j)(3a) cos(wt), the stationary solution to (22) becomes 
. <iJUl(3a)F0 . qj(t) = ( 2 ) cos(wt) j = 1, 2 (27) lvij wj - w 2 
The stationary displacement response of the free end of the beam then follows from (20) 
for x = 4a and (27) 
X1 (t) = ){l cos(wt) (28) 
r L2 <iJUl(3a)<I>(j)(4a) 
){l = ( ? ) Fa 
. lvf w--:- w 2 ]=l J J 
where 
( ") . { 8.276268 <I> J (4a.) = 
-107.2906 
j = 1 
j=2 
Inserting (2), (23), (26), and (30) into (29), the following result may be obtained 
(29) 
(30) 
X, = ( 
1 
_ ;T) 1 ( 
1 
_ ;;f) ( 13 549425- 5 707879<>) F;~' (31) 
where the frequency parameter a is defined in eq. (18) of problem (1). (31) should 
be compared with the first equation (19) for the discrete system with the same cir-
cular eigenfrequencies. The expression deviates due to different numerators N1 (w) = 
13.500000- 4.9348360' and N2(w) = 13.549425 -5. 707879a. Below in table 1 the values 
of N1 (w) and N2(w) have been indicated as functions of the circular frequency w 
w N1(w) N2(w) 
0 13.500 13.549 
0.7 w1 13.383 13.414 
1.0 w1 13.262 13.274 
2.0 WI 12.547 12.446 
0.7 w2 8.914 8.245 
1.0 w2 4.141 2.724 
2.0 W2 -23.936 -29.752 
Table 1: Numerators N1 ( w) and N 2 (w) in eqs . (19) and (31) as a function of the circular 
frequency w. 
As seen the agreement is excellent for w E [0 , 2.0wl] whereas the difference is much 
larger for w E [0.7w2 , 2.0w2]. 
2.6 September 28, 1989 
Duration: 4h 
PROBLEM 1 
( t) = F,cos(wt) 
:£ A EI 
a a 
c 
• m 
a 
D 
a a 
E 
• m 
107 
The figure shows a continuous horizontal plane massless Bernoulli-Euler beam ABC DE. 
The sub-beams AB, BC, DE have the length a, whereas CD has the length 2a. All 
sub-beams have a constant bending stiffness EI. The beam is simply supported at 
points B and D as shown in the figure. At point C and at the free end concentrated 
masses of magnitude m are placed. At the free end at point A a vertical linear elastic 
spring with the spring constant k is applied to the beam. Moreover, a vertical harmonic 
force J(t) = F0 cos(wt) is acting at point A. The beam is assumed to be infinitely stiff 
against axial elongations . Only small vibrations from the static equilibrium state are 
considered. 
Question 1 (33%, J.L = 18.7%) 
Let k = ~ :£ and w = ;-g. Determine the stationary displacement response of the 
masses from the static equilibrium state, when the dynamic load has been acting for 
such a period of time that the response from the initial conditions has been dissipated. 
Otherwise, the effect of any damping mechanism acting on the system is ignored. 
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SOLUTIONS 
PROBLEM 1 
Question 1: 
k) rH;cos(:tJ rc-mx, -mx,lE r Static 
EI D equilibrium 
I A • A • state ~ x0(t) m~ xl(t) m~ xz(t) 
a a a a a 
Fig. 1: Forces on a free beam. 
The beam is massless. Hence, the system has but 2 degrees of freedom, which are 
selected as the vertical clisplacements x 1 ( t) and x2 ( t) of point C and point E from the 
static equilibrium state with signs as defined in fig. 1. The vertical displacement of 
point A at the indirectly acting external force from the static equilibrium state xo ( t) 
is introduced as an auxiliary degree of freedom. The beam is cut free from the spring, 
and the spring force kxo ( t) is applied as an external force with a sign as shown in fig. 1. 
Finally, the inertial forces -Tr~,!£1 and -7/?,Xz are applied as external forces at the points 
C and E according to cl' Alembert 's principle. The equations of motion then read, cf. 
(3-342), (3-343) 
The flexibility coefficients are given as, cf. (B-1 ), (B-2), (B-3), (B-4) 
4 a3 
boo=--3 EI 
do = [ Do1] = ]__ ~ [ -10] 
boz 18 EI 9 
(1) 
(2a) 
(2b) 
(3) 
(4) 
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(5) 
Notice that D signifies the flexibility matrix of the system, only if the spring is absent. 
From ( 1) it follows that 
By inserting (6) into (2) the following equations of motion are obtained 
:r1 (t) = bo1.f(t) - 1 ~6~~00 ( boo.f(t) + bo1 ( -mx1) + bo2 ( -mx2)) + 
611 ( -mx1) + 612 ( -mx2) 
x2 ( t) = bo2.f(t) - 1 ~6~~00 ( boo.f( t) + 8o1 ( -mx1) + bo2 ( -mx2)) + 
0 k8o18o2] [ .. ] l2 - 1+k8oo XI 
k8 2 •• + 0 ~ X? 22 
- l+k8oo -
[ 
0 _ k8oo8o1 l 01 1+k6oo 6 - k8ooc'io2 Fo cos(wt) 
02 1+k8oo 
By using (3), (4), (5), and k = ~ ~[ = 0 ~ 0 , (7) can be written 
Mx + Kx = KF0 cos(wt) = F cos(wt) 
x(t) = [:1:1(t)] 
x2( t) 
K= 
012 - ~~k~~; l-1 1 EI [ 1071 294] 
6 _!0__h_ = 252 a 3 294 284 22 
- 1+k8oo 
(6) 
(7) 
(8) 
(9) 
(10) 
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8 [ 21] F = KF0 = - 189 1 Fa (11) 
K signifies the stiffness matrix of the system with the concentrated spring present. With 
f(t) = F cos(wt), the stationary response of the masses is given as, cf. (3-100), (3-101) 
x(t) = Xcos(wt) (12) 
X=H(w)F (13) 
H( ) = (K _ 2 M) -1 = 252 [ 284- A 
w w D -294 
-294 ] a3 
1071- A EI (14) 
D = (1071- A)(284- A)- 294 · 294 (15) 
(16) 
x(t) =X cos(wt) is in phase with the excitation f(t) = F cos(wt), and X is real, because 
the structural system is free of damping. By inserting (11) and (14) into (13), the 
following solution is obtained for the amplitude vector 
X_ 32 1 [21A- 5670] F0 a3 
- 3 /\ 2 - 1355A + 217728 A+ 5103 EI (17) 
where /\ is given by (16). With w = {g follows that A = 252. (17) then attains the 
value 
X _ __£ [ 6] F0 a3 
-717 -85 EI (18) 
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2.7 September 5, 1990 
Duration: 3.5 h 
PROBLEM 1 
EA=oo ro C m hi 1 EI=oo , J.L =0 B ;;;; D i a a E a 2 2 F 
The figure shows a horizontal plane beam ABC at rest. The beam is simply supported 
at point B. Both sub-beams AB and BC are massless, infinitely stiff against bending 
and axial elongations , and have the length a. At the free ends A and C concentrated 
n1.asses of magnitude m and vertical linear elastic springs with the spring constant k are 
applied. The other ends of the springs are fixed to the support at the points E and F . 
A concentrated mass rno is placed at rest at the height h above the midpoint D of the 
beam BC. Next, the mass m 0 is performing a free fall and hits the beam at the point 
D. The air resistance during the fall is ignored. The acceleration of gravity is g. 
Question 1 (25%, f-l = 10.4%) 
The impact of the mass rn 0 is assumed to be completely inelastic (i.e. the mass is fixed 
to the beam at point D after the impact). Determine the motion of the system after 
the impact. Only small vibrations are considered, and the influence of any damping 
mechanism is ignored. 
PROBLEM 2 
EA== 
1 EI =oo , J.L =0 B :r tt)~Ycos(wt} E F 
a a 
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The system of problem 1 is considered again. However, the beam ABC is now a plane 
massless Bernoulli-Euler beam with a constant bending stiffness EI. As before, the 
beam is assumed to be infinitely stiff against axial elongations, and it has 'the same 
boundary conditions as in problem L 
Question 1 (15%, f-L = 8.0%) 
Determine the undamped circular eigenfrequencies and the eigenmodes of the system, 
and make a sketch of the eigenmodes. 
Question 2 (15%, f-L = 4.8%) 
The fixed simple support at point B performs a harmonic vertical displacement y( t) = 
Y cos( wt) with a sign as defined in the figure. The support points E and F of the 
springs remain at rest. Determine the stationary displacement response of the masses 
from the static equilibrium state, assuming that the motion of point D has been acting 
for such period of time that the response from the initial conditions has been dissipated. 
Otherwise, the effect of any clamping mechanism acting on the system is ignored. 
Question 3 (10%, f-L = 1.5%) 
Assume that the support points E and F of the springs are excited by the same vertical 
displacement y(t) = Y cos(wt) as the fixed simple support a.t point B. Determine the 
stationary displacement of the masses at the points A and C with the same assumptions 
as stated in problem 2. 
PROBLEM 3 
1 
E 
EA=oo 
EI , 11-
a 
B 
A i: 
F 
a 
The system of problem 2 is considered again. However, the beam ABC is no longer 
assumed to be massless, but has the constant mass per unit length f-L· 
Question 1 (35%, ~l = 18.8%) 
Formulate the frequency condition for the determination of the unclamped circular 
eigenfrequencies of the structure (no numerical solution of the frequency condition is 
req uirecl). 
SOLUTIONS 
PROBLEM 1 
Question 1: 
.. 
-mae 
a 
a 2 
h 
.. 
-mae 
a 
2 
kae 
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0/Dynamically 
deformed state 
Fig. 1: Definition of equilibrium states and forces on a free beam. 
The initial static equilibrium is the horizontal rectilinear state of the beam ABC, before 
the mass n1 0 hits the beam at point D. After m 0 is fixed to the beam the gravity force 
Tnog implies a new static equilibrium state, which the beam eventually attains, when 
the eigenvibrations caused by the impact have been dissipated. 
Because the beam is infinitely stiff, the beam has but a single degree of freedom which 
is selected as the clockwise rotation angle of the support point B. The new static 
equilibrium state is specified by the rotation angle Bo from the initial static equilibrium 
state, see fig. 1. In the new static equilibrium state the spring forces have increased 
with the magnitude ka()0 with signs as defined in fig. 1. These forces must balance the 
gravity load rn 0 g. Expressing the moment equilibrium around point B one has 
a 
mog · - = 2kaBo · a =? 
2 
()0 = 1Hog 
4ka 
(1) 
After the impact the system performs undamped eigenvibrations. The dynamically 
deformed state is measured by the angle B( t) from the new static equilibrium state. 
Then all static load disappears from the equation of motion. The beam is cut free from 
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the springs and the increase of the spring forces kaB( t) are applied as external loads at 
the points A and C with signs as defined in fig. 1. According to d'Alembert's principle, 
the inertial loads -maB are applied at the points A and C and the inertialload ·-rn0 ~B 
is applied at point D with signs as defined in fig. 1. The equation of motion is then 
obtained expressing the moment equilibrium around point B 
·· a·· a 
-2nwe ·a- m 0 -e · - = 2kae ·a :::::? 2 2 
t > 0 
8k 
wo = 
rno + 8m 
(2) 
(3) 
w0 is the undamped circular eigenfrequency of the system. In order to solve (2), the 
initial displacement B(o+) and the initial velocity B(o+) at the timet= o+ immediately 
after the impact must be determined. 
Because the impact is of inifinitely short duration the beam has not moved at the end 
of the impact, and is still in the initial equilibrium state. Hence 
e. +)- e - nz,og (0 -- 0---
4ka 
The velocity of the mass n1 0 immediately before the impact is 
Vo = J2i}h 
(4) 
(5) 
The momentum of m 0 (and of the entire system) before the impact is then m 0 v0 . 
Immediately after the impact the spring forces have not changed, because the system 
has not moved. Hence, the only external force on the system is the reaction force at 
point B. If the equation of moment of momentum is formulated around point B, this 
reaction force disappears from the equation. Expressing that the moment of momentum 
around point B of all masses before and after the impact is identical, one then has, see 
figure 1 
a . · ( +) a ·( +) a 
m 0 v 0 · 2 = 2nwe 0 · a + mo 2e 0 · 2 :::::? 
· . +) 2n1o vo B(O = ---
m0 + 8rn a 
2mo V2ijh 
mo + 8m a 
(6) 
The motion of the system from the new static equilibrium state then becomes, see (2-8) 
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---COS t + -- Sln mog (j 8k ) rno v'i/h . ( 
4ka mo + Sm Vk(rno + Sm) a 
Sk ) 
rno + Sm t 
PROBLEM 2 
Question 1: 
a) m A EI ,J.L=O ;n:,(t) B A 
E 
a 
Static equili-~ brium state 
b) B EI ,J.L=O Cm J;;; ;ux,(t) 
F 
a 
a 
c) ~B 
r Static 
C m / equilibrium it ) state Y xt (t 
' F 
Static equili-~ brium state 
EI ,J.L=O Cm 
jx,(t) 
F 
a 
(7) 
Fig. 1: 2 degrees-of-freedom system. b) Equivalent system for anti-symmetric eigenvi-
brations. c) Equivalent system for symmetric eigenvibrations. 
The beam is massless. Hence, the system has but 2 degrees of freedom, which are 
selected as the vertical displacements :10(t) and x2(t) of the points C and A from the 
horizontal static equilibrium state with signs as defined in fig. la. 
Fig. 2: Sketch of eigenmodes. a) 1st eigenmode. b) 2nd eigenmode. 
a) 
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The anti-symmetric eigenvibrations have zero displacement and zero bending moment 
at point B. The equivalent single degree-of-freedom system has been shown !nfig. lb. 
The beam remains rectilinear under the eigenvibrations as shown in fig. 2a. The circular 
eigenfrequency is given as 
(1) 
The corresponding eigenmode becomes, see fig. 2a 
(2) 
The symmetric eigenvibrations have zero displacement and zero slope at point B. The 
equivalent single degree of freedom has been shown in fig. le. In this case the beam 
provides the stiffness contribution 3 ~[ to the spring stiffness k. Hence, the circular 
eigenfrequency becomes 
k + 3EI 
a3 
m. 
(3) 
The corresponding eigenmode becomes , see fig . 2b 
(4) 
Question 2: 
b) 
EI 
y(t) =Ycos(wt) 
a 
Fig. 3: a) Equivalent system for the analysis of vibrations due to motion of the support 
at point B. b) Forces on a free beam. 
The forced vibrations due to the motion of the support at point B must be symmetric 
around point B. Hence, these vibrations can be analysed by means of the equivalent 
single degree of freedom shown in fig. 3a. The stiffbody motion is x~0 )(t) = y(t). The 
beam is cut free from the spring, and the spring force kx 1 ( t) is applied as an external 
a) 
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force with sign as shown in fig. 3b. Further, the inertial load -1nx1 is applied as an 
external load. The equation of motion then becomes, cf. (3-328) 
1 a3 
bn =--
3 El 
( 5) can be written 
.. ? El ( ) 
X} + WiXl = 3--3 Y COS Wf rn.a. 
where w2 is given by (3). The stationary response of (7) becomes 
. ) [ :r1 ( t)] [ 1] ..,.- ( ) 
x(t = x
2
(t) = 1 AI cos wt 
(5) 
(6) 
(7) 
(8) 
(9) 
where 3::3 = wi - wi has been introduced, cf. (1) and (3). x(t) is in phase with the 
excitation y(t) = Y cos(wt), because the structural system is free of clamping. 
Question 3 
/
Static 
El equilibrium ~~==================C~rn_______ state 
b) 
~B El 
' ty(t)=Ycos(CJt) 
a a 
Fig. 4: a) Equivalent system for the analysis of vibrations due to coherent motion of 
the supports at points B and F. b) Forces on a free beam. 
The excitation and hence the response of the masses are still symmetric around point B. 
The response can then be analysed by means of the equivalent single degree-of-freedom 
system shown in fig. 4a. The only difference to the system in fig. 3a is that the spring 
force in the present case becomes k(x 1(t)- y(t)), see fig. 4b. Equation (5) is then 
replaced by the following modified equation of motion 
:r1(t) = y(t) + 811 ( -m.i1- k(:r1 - y(t))) =} 
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.. ? ? "\/- ( t) X} + Wi = Wi I COS W (10) 
The stationary response of (10) becomes 
x(t) = [ ~~~~~ ] = [ ~] X 1 cos(wt) (11) 
(12) 
PROBLEM 3 
Question 1: 
a) 1 EI,J.L B EI,J.L 1: ~ 
E F 
a a 
b) 
EI,J.L 
c) 
~B X EI,J.L B~ C m C m ~t i CD i CD , Fl y <P(x) y <P(x) 
F F 
a a 
Fig. 1: Symmetric, continuous, homogeneous beam. b) Equivalent system for anti-
symmetric eigenvibrations. c) Equivalent system for symmetric eigenvibrations. 
The structure shown in fig. la is mechanically and geometrically symmetric around 
point B. Hence, the eigenvibrations separate into anti-symmetric and symmetric eigen-
vibrations. The equivalent systems for the analysis of anti-symmetric eigenvibrations 
and symmetric eigenvibrations have been shown in fig. 1 b and fig. le, respectively. As 
seen a local ( x, y )-coordinate system has been defined for both reduced systems. 
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Because the beam AB has constant bending stiffness EI, constant mass per unit length 
~l, and no normal force N is present, the eigenmodes are given as, cf. ( 4-18), ( 4:-19) 
( X) ( X) ( X) ( X) <j)( x) = A sin A~ + B cos A~ + C sinh A~ + D cosh A~ (1) 
(2) 
First, anti-symmetric eigenvibrations are analysed. The boundary conditions at the 
fixed simple support at point B ( x = 0) of the equivalent system becomes, see (4-23) 
(3) implies that B = D = 0, see ( 4-24 ). Then, (1) reduces to 
<j) ( :r) = A sin ( /\ ~) + C sinh (A~) 
The mechanical boundary conditions at point C (:r =a) become, see ( 4-13) 
ka.3 
,.,--
.- EI 
(3) 
(4) 
(5) 
(6) 
(7) 
In the last statement of (6) w 2 = A4 E~ has been introduced, see (2) . By inserting (4) 
~a . 
into (5) and (6) the following homogeneous equations are obtained for the determination 
of A and C 
/\2 
? (-A sin A + C sinh A) = 0 
a.-
A3(-Acos/\+CcoshA) = (f\-A4 ~) (AsinA+CsinhA) 
p.a. 
) ~ 
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[ - sin A sinh A ] [A.] [ 0] -A3 cosA-(r;;-A4 17~)sinA A3 coshA-(r;;-.\"1 ::)sinhA C = 0 (8) 
Non-trivial solutions A f- 0 V C f- 0 are obtained if the determinant of (8) is 0. This 
provides the frequency condition 
.A 3 (- sin .A cosh .A + cos .A sinh .A) + 2 ("' - .A 4 m ) sin .A sinh .A = 0 ::::} 
f-La 
/\
3 ( tanh .A - tan .A) + 2 ("'- /\4 :~) tan .A tanh .A = 0 
For k = 10 ~{ ::::} K = 10, m = 2f-la, the 5 lowest solutions of (9) become 
1.43737 j = 1 
3.21681 j=3 
/\j = 6.32133 j = 5 
9.45056 .i = 7 
12.58585 j=9 
(9) 
(10) 
The difference of (10) and the corresponding results in lecture 10, problem 1 are due to 
the concentrated mass. 
Next, symmetric eigenvibrations are analysed. The geometrical boundary conditions at 
point B of the equivalent system become, cf. ( 4-36) 
<I>(O) = :~ <I>(O) = 0 (11) 
Inserting (1) into (11) implies C =-A and D =-B. Then (1) reduces to, cf. (4-38) 
(12) 
The mechanical boundary conditions at point C (:r = a) are still given by (5) and (6). 
Inserting (12) into (5) and (6) the following homogeneous equations are obtained for 
the determination of A and B 
_A2 ( ) 
aZ -A(sin.A + sinh.A)- B(cos.A +cosh .A) = 0 
/\ 3 (-A (cos .A + cosh .A) + B (sin .A - sinh .A) ) -
("' - .A '1 ::J. ) (A (sin .A - sinh .A) + B (cos .A - cosh .A)) = 0 
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[
sin A+ sinh A cos A+ cosh A ] -[A] [ 0] A3(cosA+coshA)+(h:-A4 ~:)(sinA-sinhA) -A3(sinA-sinhA)+(h:-A4 ;J(cod-coshA) B = 0 (l3) 
The frequency condition then reads 
(n:- A 4 ;:) ( (sin A+ sinh A)( cos A- cosh A) - (sin/\- sinh /\)(cos /\+cosh/\)) = 0 :::;. 
A 3 ( 1 + cos A cosh A) + ( n: - /\4 ;: ) (sin A cosh /\ - cos A sinh A) = 0 
Fork= 10~{:::;. n: = 10, m= 2pa, the 5 lowest solutions of (14) become 
1.55231 
3.98363 
Aj = 7_10271 
10_23403 
13.37012 
j=2 
.i = 4 
j = 6 
j = 8 
j = 10 
(14) 
(15) 
As seen from (10) and (15), anti-symmetric and symmetric eigenvibrations are changing. 
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2.8 October 3, 1990 
Duration: 3.5 h 
PROBLEM 1 
f(t) =Fcos(c.Jt) 
a 
m 
E 
EA= CXl 
EI = const 
J.L=O 
D 
a 
a 
a 
The figure shows a plane idealized structural model of an offshore structure. The mass 
of the topside is concentrated in a point mass m at point E. Because this mass is 
dominating, all the beams and bars shown can be considered as massless, i.e. with the 
mass per unit length f-L = 0. Beam BDE is a vertical linear elastic Bernoulli-Euler 
beam of the length 2a with constant bending stiffness EI, and infinite axial stiffness 
EA = CXJ. At the midpoint D beam BDE is supported by the bars AD and CD 
forming an inclination of 45° with the horizontal level. The bars have constant axial 
stiffness, and are supported, so they can only carry tension and compression. The 
total load on the structure is given by the horizontal concentrated harmonic varying 
force f( t) = F cos(wt) acting at point D. Only small horizontal displacements of the 
mass from its static equilibrium position are considered, and damping is assumed to be 
negligible. The influence on the displacement of the mass from any normal forces in 
the static equilibrium state or the deformations due to the shear forces are considered 
insignificant. 
Question 1 (20%, f-L = 4.8%) 
Formulate the equation of motion for the displacement of the mass from the static 
equilibrium state, and determine the undamped circular eigenfrequency of the system. 
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Question 2 (5%, f-L = 2.2%) 
Determine the stationary displacement response of the mass, when the dynamic load 
f(t) = F cos(wt) has been acting for such period of time that the response from the 
initial conditions has been dissipated. 
Question 3 (5%, f-L = 1.7%) 
What will happen to the circular eigenfrequency if the bars AD and CD are assumed 
to be infinitely stiff against axial elongations, i.e. AE = oo? 
PROBLEM 2 
a 2a a 
The figure shows a massless inextensible horizontal string of the length 4a, which is 
prestressed with the force S. The string is supported at the points A and B and is 
completely flexible in bending. At the quarter points C and D at the distance a from 
A and B point masses of magnitudes m. and 2m are applied to the string. Only small 
vertical displacements of the masses are considered, and the horizontal component of 
the string force is assumed to be constantly equal to S during vibrations. Further, the 
influence of any clamping mechanism is ignored. 
Question 1 (25%, f-L = 13.8%) 
Determine the circular eigenfrequencies and the eigenmocles of the system. Make a 
sketch of the eigenmodes. 
Question 2 (10%, f-L = 5.5%) 
Determine the unclamped eigenvibrations of the system in case of the initial conditions 
xc(O) =a ( 3 +m) xv(O) = 4 a 
:i:c(O) = 0 xv(O) = o 
where xc(t) and J.:v(t) are the vertical clisplacements of the masses from the static 
equilibrium state with signs as defined in the figure. 
124 
PROBLEM 3 
B 
a 
4 
a 
4 
1 f (t)=Fcos(cut) 
f EJ,fL 
A 
a 
2 
The figure shows a horizontal plane linear elastic simply supported Bernoulli-Euler beam 
of the length a. The beam has constant bending stiffness EI and constant mass per 
unit length f-L· At the midpoint A the beam is loaded by a vertical harmonic varying 
concentrated force f(t) = F cos(wt) with amplitude F and circular eigenfrequency w. 
Only small vertical vibrations from the static equilibrium state are considered, and the 
influence of damping is ignored. 
Question 1 (25%, fl = 15%) 
Using modal analysis, determine the stationary displacement response of point A, when 
the displacement response from the initial values has been dissipated. 3 modal coordi-
nates are retained in the truncated modal expansion. 
Question 2 (5%, f-L = 1.3%) 
How many modal coordinates must be retained in order to obtain an acceptable solution 
for the displacement response, if the circular frequency of the excitation is given as 
w = ?rr
2
? ill. Motivate the answer. 
_a- V Jl 
Question 3 (5%, f-L = 1.6%) 
Determine the stationary dynamic bending moment at point B, if 3 modal coordinates 
are retained in the modal expansion. 
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SOLUTIONS 
PROBLEM 1 
Question 1: 
static equilibrium state 
m x2 
a) E b) 
-mx2 x 2 (t) stiffbody motion 
-----~ Em 
EI a EI a 
f(t)=Fcos(cA) 
D 
EI a a 
B 
Fig. 1: a) Equivalent system. b) Forces on a free beam and composition of displace-
ments at the spring. 
The bars AD and CD can be replaced by a linear elastic spring with the spring constant 
AE ?( o) J2 AE k = 2· --cos- 45 = ---
.ffa 2 a (1) 
The resulting equivalent system, which has been shown in fig. la, is a special case of 
the system considered in lecture 6, problem 3. The same approach will be used in this 
case. 
The beam is massless. Hence, the system has but a single degree of freedom, which is 
selected as the horizontal displacement x 2 (t) of the mass from the static equilibrium 
state with sign as defined in fig. la. Besides, an artificial degree of freedom x 1 (t) is 
introduced, specifying the horizontal displacement of point D. The beam is cut free from 
the spring, and the spring force kx1 (t) is applied as an external force with sign as defined 
in fig. 1 b. Finally, the inertial load -mi2 ( t) is applied as an external horizontal load 
on the point mass with sign as defined in fig. lb according to d'Alembert's principle. 
Moment equilibrium around point B then provides the equation of motion 
(2) 
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The displacement x 1 ( t) of point D is caused partly by a stiffbody contribution of mag-
nitude ~x2(t), and partly by the elastic contribution of magnitude On (f(t)- k_x~) from 
the external dynamic force and the spring force, see fig. lb. 011 is the flexibility coeffi-
cient, when both ends of the beam are simply supported, as seen from the displacement 
curve shown in fig. lb. From (B-1) it follows that 
1 a 3 On=--6EI 
It then follows that 
x1(t) = ~x2(t) +On (f(t)- kx1(t)) :::} 
x1(t) = ~ (~x2(t) + Dnf(t)) 1+ nk 2 
(3) 
(4) 
Inserting ( 4) into (2) the following equation of n1.otion for the determination of the 
horizontal motion of the mass from the vertical state of equilibrium is obtained 
.. 2 Fo ( ) 
X2 + Wo X2 = - COS wt 
rn 
1 k 
wo =-
2 rn(l+kon) 
/2AE 
8n& (1 + v'2 "EAa2) a 12 El 
Fo = ~ 1 F = ~ 1 F 
2 1 + ko11 2 1 + v'2 EAa 2 12 El 
wo signifies the undampecl circular eigenfrequency of the structure. 
Question 2: 
(5) 
(6) 
(7) 
The system is unclamped . Hence, the stationary displacement response of the mass is in 
phase with the indirectly acting excitation f( t) = F cos( wt). The stationary response 
as determined from ( 5) is then given as 
(8) 
. Fo ){? = -----~ rn(w 2 - w5) (9) 
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2[ indicates the quasi-static part of the response. Hence, the factor w5/(w 2 - w5) 
indicates the dynamic amplification factor. k and w0 are given by (1) and (6)_. __ 
Question 3: 
In the first statement of (6) the limit passing k --+ oo is performed. Hence 
1{;f lim wo =- -- = 
k-+oo 2 mD11 
3 EI (10) 
PROBLEM 2 
Question 1: 
s 
xc (t) 
a m a 
Fig. 1: Free masses during vibrations. 
The systems have 2 degrees of freedom, which are selected as the vertical displacements 
xc(t) and xv(t) from the static equilibrium state with signs as defined in fig. 1. The 
string force has been assumed to be constant equals to S during vibrations. However, 
the direction of the string force has changed, and the vertical components provide the 
restoring forces of the masses . The masses are cut free, and the vertical components of 
S are applied as external loads. By introducing the angles a, (3, /, defined as shown in 
fig. 1, Newton's 2nd law of motion for each of the two masses provides 
mic= -Ssina- Ssin1 } 
'21ni: D = S sin r - S sin (3 
Due to the assumption of small vibrations it follows that, see fig. 1 
. xc 
SlnCI' ~­
a 
. (3 XD S111 '::::::'-
a 
xc - :rv 
s111 1 '::::::' 2a 
(1) 
(2) 
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The linear equations of motion of the system then follow from (1) and (2) 
Mx+Kx = o 
x(t) = [ xc(t)] 
a:v(t) 
Question 2: 
K- 2 [ 3 -31] 
- 2a -1 
(3) 
(4) 
The circular eigenfrequencies Wj and the eigenmodes q,Ci) 
from the homogeneous linear equations, cf. (3-42) 
[ 
<I>(j)] 
<I> tj) are determined 
[
3- /\ 
-1 
? 
w;nw 
..\ - ·) J -~-s-
The characteristic equation becomes 
j = 1 
j=2 
~Is V~Vma , 
~Is V~Vma , 
j = 1 
j=2 
The eigenmodes are normalized as follows 
•') [ <I>(j) l q,(J = 1 
1 
j = 1,2 
The first component <I> ij) is determined from the first equation of ( 5) 
{ 
-Hv'U 
<I>ij) = 1 = 2 
3- ..\i -3-v'U 
2 
j = 1 
j=2 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
a) -3+VT7 
~, 7/~~====2========~D~ ~=== =======i~ ~ 
b) 
c 
3+VT7 
2 
Fig. 2: a) 1st eigenmode. b) 2nd eigenmode. 
Question 3: 
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The eigenvibrations x(t) = [ z~~:~ l due to the initial conditions x(O) = [ ;+(U] a 
and x(O) = [ ~] are given as, cf. (3-68) 
The modal matrix and its inverse becomes , cf. (3-72) 
[ 
-3±07 
P= 2 
1 
p-1 = J17 [ 1 
17 -1 
H_fll -3~07 
2 
The expansion coefficients a1, a2, b1, b2 are given by (3-70), (3-71) 
[ ] [ 3±Vl7] ~~~ = P-1x(O) = T a 
[ blwl]=P-l:X:(O)=[o] => b2w2 0 
[ ~~ l [ ~l 
(12) 
(13) 
(14) 
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From (11), (13), (14) it follows that 
(15) 
a2 = 0, because the initial displacement x(O) is proportional to the 1st eigenmode q,(I). 
PROBLEM 3 
Question 1: 
a a 
4 4 
1 f (t)=Fcos(CJt) 
f El,JL 
A t u(x,t) 
a 
2 
r static 
I equilibrium 
~-state 
Fig. 1: Continuous simply supported beam. Definition of signs. 
A local ( x, y )-coordinate system is introduced as shown in fig. 1. The vertical displace-
ment from the static equilibrium state of the homogeneous simply supported beam is 
given by the following truncated modal expansion, cf. ( 4-52) 
3 
u(x, t) = L <P(j)(:r)qj(t) (1) 
j=l 
The eigenmodes are given as, cf. ( 4-31) 
j = 1,2, ... (2) 
The undampecl circular eigenfrequencies are given as, cf. ( 4-33) 
j = 1,2, ... (3) 
With the normalization of the eigenmocles as follows from (2), the modal masses become, 
cf. ( 4-65) 
a 
1VIj = j 1-l ( <P(j) (:z:)) 2 dx = ~/La 
0 
j = 1,2, ... (4) 
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Because the system is free of damping, the modal coordinates are obtained as the 
solutions of the decoupled differential equations, see (4-53) 
j = 1,2, 0 0 0 (5) 
The concentrated load at A (x = ~) can formally be written as the following load per 
unit length , cf. ( 4-68) 
!d(x, t) = f(t)8 ( x - ~) 
The modal loads then become, see (4-54) 
Fj( t) = la <J>(j) ( x )fd( :r, t)da; = <J>U) ( ~) f( t) = sin (j ~) F cos(wt) 
vVith Fj(t) given by (7), the stationary solution to (5) becomes 
2 sin (j 1I.) 
qj(t) = - ? 2 2 F cos(wt) paw; - w j = 1,2, 0 0 0 
Inserting ( 2) and ( 8) into ( 1), the stationary displacement response tl A ( t) 
becomes 
(6) 
(7) 
(8) 
u(~,t) 
( 
3 · 2 ( · rr)) F sm J? 2 . 
zq(t) = "' ? -? - cos(wt) = ~ w-:- w- pa ( 
1 1 ) 2F 
? ? + 4 ? 2 - cos( wt) w1 - w- 3 w1 - w pa (9) j=l J 
where w¥ is given by (3). 
Question 2: 
The next non-zero term in the expansion within the parenthesis of (9) is given as 
54 w2
1
_w 2 . With w = ?rr 22 fiii = ~w1, the relative magnitude of the terms in the ex-
1 -a V ll -
pansion becomes 
(10) 
Truncation after 3 modal coordinates introduces errors significantly less than 1%, which 
is acceptable. Hence, 3 modal coordinates should be retained in the expansion. 
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Question 3: 
The sign of the dynamic bending moment MB(t) at point B (x = ! ) is defined in fig. 
1. This is given as, cf. (4-61), (2), (8) 
4 EI (sin(~) _ 32 sin(347r)) 2 _ 
7f 4 2 ? 4 ? ? 2 Facos(wt)-f.ta w - w- 3 w- - w- 7f 1 1 
( 
2 9 2 ) 0 w1 W1 v~ · 
? 2 - 2 2 -? Facos(wt) w- - w 81w - w 7f-1 1 
(11) 
The quasi-static response (w = 0) of (11) is JviB = ~ 'J Fa= 0.12737, whereas the exact 
solution is lviB = kFa = 0.12500. The error is 1.9%. 
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2.9 June 21, 1991 
Duration: 4h 
PROBLEM 1 
2a 
L 
The vehicle shown in the figure consists of a plane, infinitely stiff beam AB of the length 
2a with a. constant mass distribution. The total mass ofthe beam is m, and the moment 
of mass inertia around a horizontal line through the centre of gravity is ]. At the end 
points A and B the vehicle is suspended on the vertical linear elastic springs with the 
spring constant k. The motion from any initial conditions is assumed to be dissipated. 
Otherwise, the effect of any damping mechanism in the spring or the beam is ignored. 
The vehicle is moving with the constant velocity v on a rough road. Relative to a mean 
position the profile of the road is approximated by a sine wave 
y(:r) = Yo cos ( 271" ~ - a) 
where .1: is a horizontal, and y is a vertical coordinate defined as shown in the figure. 
Yo is the amplitude, L is the wave length and a is a phase. The amplitude y0 as well 
as the vertical displacements of the vehicle is assumed to be small compared to the 
wave length L and the length 2a of the beam AB. The springs are assumed to be in 
permanent contact with the surface of the road. 
Question 1 (20%, J-l = 7.1%) 
Determine the speeds of the vehicle, which should be avoided. 
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Question 2 (10% , f-l = 2.0%) 
Determine the stationary vertical motion for a passenger, who is placed at the centre of 
0 G "f L gravity T, 1 a = 4· 
PROBLEM 2 
El B El c 
-<m 
a a 
The beam AC in the figure is a rectilinear horizontal plane massless Bernoulli-Euler 
beam with the constant bending stiffness EI. The beam is fixed at point A and free 
at point C, and the length is 2a. The beam is considered infinitely stiff against axial 
deformations. 
At the point C and at the midpoint B point masses of magnitude m are applied. Besides, 
at point C a perfectly flexible massless string is fixed, which is supporting a point mass 
of magnitude n-z. 0 . The acceleration of gravity is g. 
Question 1 (30% , fl = 16.6%) 
At the timet = 0 the string at point C is cut. Determine the succeeding motion of the 
masses. Only small vertical vibrations of the masses are considered, and the effect of 
any clamping mechanism inside the beam AC or from the surroundings is ignored. 
Question 2 (10%, fl = 5.0%) 
Determine a possible clamping matrix after the string at point C has been cut, if it is 
known that the remainder system has the modal clamping ratios ( 1 and ( 2 in the two 
lowest eigenvibrations. 
PROBLEM 3 
A EI,Jt B 
a 
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The beam AB in the figure is a horizontal plane Bernoulli-Euler beam of the length a. 
The beam has the constant bending stiffness EI, the constant mass per unit ~e~gth f-l , 
and the normal force in the static equilibrium state is equal to 0. The beam is supported 
at the end points by two vertical linear elastic springs both with the spring constant 
k. The beam is considered infinitely stiff against axial elongations. Only small vertical 
vibrations in the plane of the structure are considered. 
Question 1 (30%, f-l = 20.5%) 
Formulate the frequency condition for the determination of the undamped circular eigen-
frequencies of the beam. 
SOLUTIONS 
PROBLEM 1 
Question 1: 
2a 
.. 
~-Jec 
A -myc--f B 
mean level 
of surface 
roughness 
~777~YB ~ 
1 ~/ YA , /~ r\ ;.;;-777 .,.. X 
fy / ~y(x)=y0 cos(2rrf-a) 
L 
Fig. 1: Forces on a free vehicle beam. 
The static equilibrium state of the beam AB is defined as the horizontal level of the 
beam at the velocity v = 0, and with the profile elevation YA = YB = 0 at the support 
points A and B . The system has 2 degrees of freedom, which are selected as the vertical 
displacement YG ( t) and the rotation 8a ( t) of the centre of gravity from the thus defined 
equilibrium state with signs as shown in fig. 1. The compression of the springs at nodes 
A and B then becomes ya(t)- a8a(t)- YA(t) and ya(t) + a8a(t)- ys(t) , respectively, 
where YA ( t) and y B ( t) are the profile elevation at the points A and B at the time t. 
If t = 0 is selected at the instant of time, where point A is at the position x = 0, the 
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abscissas of points A and B at the time t are given as XA = vt and xs = vi + 2a, 
respectively. Hence, the profile elevation at the points A and B at the time t_becomes 
YA(t) = Yo cos(wt- a) (1) 
ys(t) = Yo cos ( wt + 47r ~ -a) (2) 
(3) 
w as given by (3) may be considered as an artificial circular excitation frequency. The 
beam AB is cut free from the springs, and the spring forces ko (Ye - aBe - YA) and 
k0 (ye+ aBe- YB) are applied as external forces with signs as shown in fig. 1. Besides, 
the inertial load -mye and the inertial moment -JBe are applied as external loads 
according to d' Alembert 's principle with signs as shown in fig. 1. Next, the equations 
of motion can be formulated, expressing the vertical force equilibrium and the moment 
equilibrium around point G 
- n1,ye = ko(Ye- aBe- YA(t)) + ko(Ye + aBe- Ys(t)) } 
- JBe = -ko(Ye- aBe- YA(t))a + ko(Ye + aBe- ys(t))a 
0] [Ye] [ 1 J Be + 2ko 0 0 ] [Ye ] _ ko [ 1 a 2 Be - . -a 1] [YA(t)l a Ys(t) (4) 
It follows from (4) that the selected degrees of freedom decouple the mass and stiff 
matrix. This means that ye and Be are modal coordinates. The undamped circular 
frequencies become 
(5) 
If the circular frequency was given by (3) is equal to either w1 or w2 , YA(t) and ys(t) 
will cause resonance of the system. Hence, v must be selected, so this is avoided. From 
( 3) it then follows that 
(6) 
Question 2: 
If r = i then it follows from (1) and (2) that 
Ys(t) = -yA(t) = -yo cos(wt- a) 
The 1st differential equation ( 4) then becomes 
rn:jjc + 2koyc = 0 
Because the excitation is 0, the stationary solution of (8) becomes 
yc(t) = 0 
A person placed at the centre of gravity G is then at rest at all times. 
PROBLEM 2 
.. .. 
-mx1 "'- -mx2 ""\ 
A El m\ B xt.o El 
{new static 
c __ equili brium 
'-m r old static 
xt Yt __ equilibrium 
"--Xz.o 
Xz Yz 
a a 
state 
state 
Fig. 1: Definition of static equilibrium states and related degrees of freedom. 
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(7) 
(8) 
(9) 
Two static equilibrium states can be identified, which may be used as referential state 
for the motion of the system. The old static equilibrium state is the deflection of 
the beam under the influence of the gravity load rn 0 g at point C, whereas the new 
static equilibrium state is the horizontal rectilinear state, which the beam eventually 
will attain, when the eigenvibration following the release of the mass m 0 has been 
dissipated. The equations of motion and related initial values using both equilibrium 
states as referential states will be formulated below. 
The beam is massless. Hence, the system has two degrees of freedom which are selected 
as the vertical displacements x 1 (t), x 2 (t) of the masses at the points Band C from the 
new static equilibrium state, or the displacements y1 (t), y2 (t) of the masses from the 
old static equilibrium states. The signs of the degrees of freedom have been defined in 
fig. 1. These are related as follows 
:rl(t) =:r1 ,o+Y1(t) } 
:z.:2(t) = X2,0 + Y2(t) 
(1) 
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x1 ,0 and x2 ,0 are the displacements of the masses from the new static equilibrium state, 
when the beam is statically loaded with the gravity load m 0 g at point C. 
Initially, the equations of motion are formulated with the new static equilibrium state 
as referential state. The inertial loads -mx1 and -mx2 are applied as external loads 
according to d'Alembert's principle. The equations of motion then read, cf. (3-1) 
x 1 (t) = 811 (-mx1) +812(-rnx2) } 
x2(t) = 821 ( -mx1) + 822 ( -m.x2) 
The flexibility matrix becomes, see (B-5) 
D = [ ~~~ ~~~] = ~ ~~ [ ~ 1~] 
The equations of motion then become 
Mx+Kx = o t > 0 
M= [rn 0] 
0 rn 
K = ~ EI [ 16 -v
2
r:::] 
7 a 3 -5 
(2) 
(3) 
(4) 
(5) 
The initial displacement from the new static equilibrium state is caused by the gravity 
load Tn. 0g at point C. Hence 
Xo = x(O) = [ XI,o l = [ ~12] n•og = ~ _a3_n_•o_g [ 5] 
x2,o v22 6 EI 16 (6) 
The masses start at rest, when the string at point C is cut. Hence, the initial velocity 
IS giVen as 
' . . ) [ 0 l x 0 = x(O = 0 (7) 
Next , the equations of motion relative to the old equilibrium state can be obtained by 
inserting (1) into (4), (6) and (7) 
My + Ky = - Kx0 , t > 0 } (8) 
y(O) = 0 , y(O) = 0 
where yT(t) = [YI(t), y2(t)]. In the following the initial value problem (4), (6) and 
(j) 
(7) is solved. The circular eigenfrequencies Wj and the eigenmodes «JlU) = [ :tj)] are 
obtained as non-trivial solutions to the homogeneous linear equations, cf. (3-42) 
[ 
16- /\ 
-5 
-5 l [<I>(j)l [0] 
2 - ). 1 <I> tj) = 0 (9) 
7 w 2ma3 
/\ = 6 1EI 
The characteristic equation becomes 
j = 1 
j=2 
j = 1 
j=2 
The eigenmodes are normalized as follows 
q,(j) = [ <Pt] j = 1,2 
The first component <Pij) is determined from the first equation of (9) as follows 
<P(j) - 5 - 5 
{
Yli=-l 
1 
- 16- A.j - _ ~+7 
j=1 
j = 2 
The modal matrix and its inverse become, cf. (3-83) 
[ 
04-7 
p = 5 
1 
p-1 = 5~ [ 1 
148 -1 
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(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
The eigenvibration x(t) due to the initial conditions x(O) = Xo and x(O) = Xo is given 
as, cf. (3-79) 
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By using (6), (7) and (15) the expansion coefficients a 1 , a 2 , b1 , b2 are given as, cf. (3-81), 
(3-82) 
[ a1 ] = p-lx = _1_ a3 mog [ 1184 + 137VM] a2 ° 888 El 1184- 137VM (17) 
[ ~~ ] [ ~ ] ( 18) 
From (15), (16) and (17) it follows that 
1 a
3
mog ( [ 370 + 45VM ] [ 370- 45VM ] ) 
x(t)=888 El 1184+137VM cos(w1t)+ 1184-137v'74 cos(w2t) (19) 
where w1 and w2 are given by (12) . 
Question 2: 
As possible clamping models the following Rayleigh model and 2 term Caughey models 
are considered, cf. (3-284), (3-289) 
(20) 
(21) 
(22) 
where M and K are given by (5) . The expansion coefficients of (20), (21) and (22) are 
obtained from the linear equations, cf. (3-290) 
[ ao ] - [ 2~1 ; r [ ~: J 2w1w 2 [- ~2 -~1 l [ (~ l ClJ - I w2 -w2 2w2 2 1 W2 W[ (_ (23) 
[ :~ ] r ~ ~r [ ~: ] ~ 2 [ w3 -wf] [(I l 2 2W2 w1w2 (wi - wi) -w2 WI (2 
2 
(24) 
[ 
2~~ 
2w~ 
(25) 
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Inserting (12) into (23) a0 , a1 can be determined. Inserting this result and (5) into (20) 
it then provides the following solution for the Rayleigh damping model 
C = J Elm ( [ 0.10875 0.33935] ( [ 7.04507 -2.25770] , ) 
a3 0.33935 1.05892 1 + -2.25770 0. 72351 ~ 2 (26) 
The same procedure can next be performed for the Caughey models (21 ), (22), with 
the expansion coefficients determined by (24) and (25), respectively. Both models give 
exactly the solution (26) in accordance with the statement given subsequent to (3-294) 
and example 3-16. 
PROBLEM 3 
Question 1: 
X EI B r static AFl~=======;=====·=f-i==========i --- equilibrium ~ j ~(x) J; state 
a 
Fig. 1: Beam with a constant bending stiffness and a mass per unit length. 
A local ( :r, y) coordinate system is defined for the beam element as shown in fig. 1. 
The beam has constant bending stiffness EI, constant mass per unit length f.L, and the 
normal force in the static equilibrium state is N = 0. Hence, the eigenmode is given by 
( 4-18)' ( 4-19) 
<1? ( :r) = A sin ( /\ ~) + B cos (A~) + C sinh (A~) + D cosh (A~) (1) 
(2) 
The boundary conditions at point A(:r = 0) and point B(x =a) become, see (4-13) 
d2 . 
-l 2 <1?(0) = 0 
GX 
(3) 
d3 
EI cl1: 3 <1?(0) = -k<l?(O) (4) 
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(5) 
d3 
EI d:z: 3 <i>(a) = k<l>(a) (6) 
All boundary conditions are mechanical. (3) and (5) state that the bending moment is 
0 at the end sections. ( 4) and (6) state that the shear forces at the end sections must 
balance the forces in the springs. 
(3) and (4) imply 
(7) 
A3 ' ~ 
-(-A+ C)= --(B +D) 
a3 a3 
(8) 
where 
(9) 
(7) implies D =B. (8) then implies C =A- i~B. Using these results, (1) is reduced 
to 
( . ( :T) . ( X)) ( ( X) ( X) 2~ ( X)) <±>( x) = A sm /\-;; + smh /\-;; + B cos A-;; +cosh A-;; - -:\3 sinh A-;; (10) 
Inserting (10) into (5) and (6) the following linear homogeneous equations are obtained 
for the determination of A and B 
A: (-sin A+ sinhA)A +A:(- cos A+ cosh A- 2 ~ sinhA)B = 0 
a- a- A3 
~: (-cos A+ cosh/\) A+ ~: (sin A+ sinh A- ~;cosh A) B = 
~ (sin A + sinh A) A + ~ ( cos A + cosh A - ~; sinh A) B 
(11) 
(lla) 
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(llb) 
(llc) 
(11d) 
Non-trivial solutions A i- 0 VB i- 0 are obtained if the determinant of (11) is 0. This 
provides the frequency condition 
(12) 
At the evaluation of the determinant, standard trigonometric and hyperbolic identities 
have been applied. 
For K = 3 the 6 lowest solutions of (12) become 
1.54591 j = 1 (symmetric) 
2.05609 j = 2 (anti-symmetric) 
4.78626 j = 3 (symmetric) (13) >..1 = 7.86561 j=4 (anti-symmetric) 
11.00013 j=5 (symmetric) 
14.13929 j=6 (anti-symmetric) 
Because the beam is symmetric around the midpoint the eigenvibrations separate into 
eigenvibrations with symmetric and anti-symmetric eigenmode. These turn out to 
change as indicated in (13) . If the beam is infinitely stiff, the corresponding 2 eigenval-
ues are found as, see eq. (5) in problem 1, >.. 1 = \16 = 1.56508 and >.. 2 = VlS = 2.05977. 
From this comparison it is concluded that K. = 3 specifies very soft supporting springs . 
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2.10 September 4, 1991 
Duration: 4h 
PROBLEM 1 
A 2EI, Jl=O B EI, Jl=O c EI = oo ,f.i D ~ 122/'/@/7@~~ 
a a a 
The figure shows a plane horizontal rectilinear beam structure ABCD, composed of 
the sub-beams AB, BC and CD. All sub-beams have the length a, and are considered 
infinitely stiff against axial elongations. The beams AB and BC are massless Bernoulli-
Euler beams with the constant bending stiffness 2EI and EI, respectively. The beam 
CD is assumed to be infinitely stiff against bending deformations, and has the constant 
mass per unit length f.L· The beam AB is fixed at point A, and the beam CD is free 
at point D. The sub-beams are fixed to each other at their end sections. Only small 
vertical vibrations of the structure from the static equilibrium state are considered. 
Question 1 (30%, p = 18.8%) 
Determine the undamped circular eigenfrequencies and undamped mode shapes of the 
structure. 
Question 2 (10%, fl = 1.9%) 
Specify a static inertial load on the structure, which is qualitatively in agreement with 
the inertial load in the first eigenvibration. Apply this load to estimate the first un-
damped circular eigenfrequency, using Rayleigh's fraction. 
PROBLEM 2 
a 
A 
;Y( t) = Y cos(c.; t) 
1-'--
B m 
a ~g 
C 2m 
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The figure shows a vertical system of bars, consisting of the massless inextensible bars 
AB and BC, both of the length a. The structure is hinged at point A and the bars AB 
and BC are connected with a hinge at point B. At the points B and C concentrated 
masses of magnitudes m and 2m are applied, respectively. The movable support point 
A has the horizontal harmonic displacement from the static equilibrium state y( t) = 
Y cos(wt) with the amplitude Y and the circular frequency w. This displacement and 
the vertical static equilibrium state of the bars define a plane. Only vibrations in this 
plane are considered, and the displacements of the masses from the vertical equilibrium 
state are assumed to be small compared to the length a. The acceleration of gravity is 
g. 
Question 1 (20%, IL = 2.4%) 
Determine the stationary horizontal displacement of the points B and C, after the 
response from the initial conditions has been dissipated. Otherwise, the effect of any 
damping mechanism in the hinges or from the surroundings is ignored. 
Question 2 (10%, IL = 0.0%) 
Determine the values of the circular frequency w, for which the stationary horizontal 
displacements of the points A and B are identical. 
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PROBLEM 3 
EI, ~-t=O 
a a 
The figure shows a plane horizontal rectilinear beam structure ABC, composed of the 
Bernoulli-Euler beams AB and BC. Both beams have the length a, the constant bending 
stiffness EI, and are infinitely stiff against axial elongations . The beam AB is massless 
and is fixed at point A . The beam BC has the constant mass per unit length f-L , 
and is fixed at point C . The beams are joined by a hinge at point B. Only small 
vertical displacements in the plane of the structure from the static equilibrium state 
are considered. The influence on the vibrations from any normal forces in the static 
equilibrium state is ignored. 
Question 1 (30%, p. = 14.2%) 
Formulate a frequency condition for the determination of the undamped circular eigen-
frequencies of the structure. 
SOLUTIONS 
PROBLEM 1 
Question 1: 
A B 
-mx\(t) rm=J..W, J=tJ.La3 
2EI EI r static 
::r---------l---______ .::::_C~ )) _!_equilibrium 
a a 
state 
\xA-Ji2(t) 
X 1 (t) 
Fig. 1: Equivalent system with inertial loads. 
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The effect of the infinitely stiff beam CD is equivalent to a distributed mass applied to 
point C with the mass m = f.la and the mass moment of inertia J = ~ f.La 3 . . Since the 
beams AB and BC are massless, the system has but 2 degrees of freedom, which are 
selected as the vertical displacement x 1 ( t) and the rotation x2 ( t) of point C from the 
static equilibrium state with signs as defined in fig. 1. Next , the inertial force -mx 1 (t) 
and the inertial moment - J x2 ( t) are applied as external loads at point C according to 
d'Alembert 's principle with signs as defined in fig. 1. The equations of motion then 
read, cf. (3-1) 
:-z: l(t) = on(-f.Laxl) + 012 ( -~f.la3 i~ 2) 
x2(t) = 821(-f.laii) +822 ( -~f.la3 x2) 
~=:::::::=:=============~='=====:::::::::::::::====~;::f') o, 
022t 
a a 
(1) 
Fig. 2: Conjugated beam problems for the determination of flexibility coefficients 811 , 
812' 821' 022. 
The flexibility coefficients 811 , 812 , 82 1 , 822 can be determined by any standard static 
analysis method. Below, the method of conjugated beams is applied. The conjugated 
beam of the present problem is a cantilever structure, fixed at point C and free at point 
A. The load per unit length of the conjugated beam is given by lvi(x)jEI(x), where 
1\1( x) is the moment field in the original beam from a unit load in the direction x 1 (at 
the determination of 811 and 821), or from a unit moment in the direction of x 2 (at the 
determination of 812 and 822). The coefficients of influence are then determined as the 
reaction moments and reaction forces at the support point C of the conjugated beam, 
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as shown in fig. 2. It then follows that 
a 3 a a 5 a a 2 6 a 3 811 =a·--· -a+-·--· -a+-·-· -a=--
2EI 2 2 2EI 3 2 EI 3 4 EI 
(2) 
a a a a a 5 a 2 
821 
= a . 2E I + 2 . 2E I + 2 . E I = 4 E I 
1 3 1 a 5 a 2 
812 =a · --· -a+ a·-·-=--2EI 2 EI 2 4 EI 
1 1 6 a 
822 = a. 2EI +a. EI = 4 EI 
Multiplication of (1) with the inverse flexibility matrix provides the following form of 
the equations of motion 
Mx+Kx = o 
_ llj.ta4 [ 1 
M- 4 EI 0 ~] 
(3) 
K = [ 6 -5] 
-5 6 (4) 
(j) 
The undampecl circular eigenfrequencies Wj and the eigenmodes q,(j) = [ :~j)] are then 
obtained as non-trivial solutions of the homogeneous linear equations, cf. (3-42) 
-5 ] [<I>iJ) l = [0] 6 - l ,\ . ;r.. (J) 0 
3 J '±'2 
The characteristic equation becomes 
{ 
12- vTI1 ' \ -
/ J - 12 + vTI1 ' 
j = 1 
j=2 
vrt.(12- vill)/% ~ 0.7297/% , 
I .1_ (12 + vill) !M.~ 2.8627 !M. V u V ~w4 V~~ , 
j = 1 
) . - ') - ~ 
(5) 
(6) 
(7) 
(8) 
The eigenmodes are normalized as follows 
j = 1,2 
The first component <P~j) is determined from the first equation of (5) 
{ 
6±v'Ill q,U) _ 5 _ 15 
1 - 6- Aj - 6-v'Ill 
15 
Question 2: 
The static load is estimated as 
j = 1 
j = 2 
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(9) 
(10) 
f= [~] (11) 
( 11) specifies a unit force at point C in the vertical direction. The corresponding 
displacement x follows from (4) and (3-306) 
The Rayleigh fraction then becomes, see (4), (12) and (3-308) 
792 EI 
1463 p.a4 
(13) 
(13) only deviates 0.83% from the exact result (8). 
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PROBLEM 2 
Question 1: 
equilibrium state 
a 
a 
c 
2mg 
Fig 1: Load on a dynamically displaced system. 
The bars are massless and inextensible. Hence, the system has but 2 degrees of freedom, 
which are selected as the rotational angles el ( t) and e2 ( t) of the bars from the vertical 
static equilibrium state with signs as defined in fig. 1. Assuming IB1 (t)l « 1 and 
I B2 ( t) I « 1 the total horizontal displacements of the point masses , made up of the 
displacement y( t) of point A and the contributions from the rotations of the bars, 
then become y(t) + aB1(t) and y(t) + aB1(t) + aB2(t) for point Band C, respectively. 
Applying d'Alembert's principle, horizontal inertial loads of magnitude -m (y + aBI) 
and -2m.(y + aB1 + aB2) are next applied as external dynamic loads at point B and 
point C with signs as defined in fig . 1. Finally, the gravity loads mg and 2rng are acting 
on the masses. Throughout the motion these forces must balance each other so that 
the moment at the hinges in the points A and B are equal to zero. These equilibrium 
equations determine the linearized equations of motion of the system 
- m(ii + a81) . a- 2m(ii + a81 + a82) . 2a = mg. ae1 + 2mg . ( ae1 + ae2) 
- 2rn (ii + a81 + a82) . a = 2rng . ae2 
Me+ Ke = -Fii(t) (1) 
(2) 
2 g 
wo =-
a 
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(3) 
\i\Tith y(t) = Y cos(wt) the acceleration of the support motion becomes y(t) = 
-w2 Y. cos(wt). The stationary response of the masses is then given as, cf. (3-100), 
(3-101) and (3-102) 
E>(t) = E>o cos(wt) 
From (2), (5) and (6) it follows that 
? 2]-1 2w0 - 4w 
w2 -w2 0 
(4) 
(5) 
(6) 
(7) 
E>(t) = 8 0 cos(wt) is in phase with the excitation y(t) = -w2Y cos(wt), and the ampli-
tude 8 0 is real , because the structural system is free of damping. 
Question 2: 
The points A and B have the same horizontal displacement if the bar AB remains 
vertical during the motion, i.e. if e1 (t) = 0. From (7) it follows that this is the case in 
the stationary motion, if the circular excitation frequency is selected, so that 
3 2 2 0 . w 0 - w = =? 
w = Vswo = J31f (8) 
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PROBLEM 3 
Question 1: 
~static ~ C x El, ,u B / equilibrium ~zzz~~~~3 ~! state 
a 
Fig. 1: Equivalent system. 
The beam AB is massless. The influence of beam AB on the dynamic behaviour of 
the beam BC is then identical to that of a vertical linear elastic spring with the spring 
constant 
EI 
k=3-
a3 
(1) 
The resulting equivalent system has been shown in fig. 1. As seen a local (x, y)-
coordinate system has been introduced with origin at point C and the x-axis orientated 
against point B . 
The beam in the equivalent system has constant bending stiffness EI, constant mass 
per unit length f.L, and the normal force in the static equilibrium state N = 0. Hence, 
the eigenmode is given by (4-18) and (4-19) 
4? ( x) = A sin (A~) + B cos (A~) + C sinh (A~ ) + D cosh (A~) (2) 
(3) 
The geometrical boundary at point C (:r = 0) becomes, see ( 4-36) 
4?(0) = :t 4?(0) = 0 (4) 
Inserting (2) into ( 4) implies that C = -A and D = -B. Then (2) reduces to 
4? ( :r) = A ( sin (A ~) - sinh (A~) ) + B (cos (A~) - cosh (A ~)) (5) 
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The mechanical boundary conditions at point B (x =a) become, see ( 4-13) 
d2 . 
-1 ? <I>( a)= 0 ex- (6) 
d3 
EI dx 3 <I>( a) = k<I>(a) =? 
d3 
a3 dx3 <I>( a) = K:<l>( a) (7) 
ka 3 
K:=-
EI 
(8) 
By inserting (5) into (6) and (7) the following homogeneous equations are obtained for 
the determination of A and B 
~: ( -A(sin A+ sinh A) - B( cos A+ cosh A)) = 0 
A 3 (-A (cos A + cosh A) - B (- sin A + sinh A)) = =? 
K: (A (sin /\ - sinh /\) + B (cos A - cosh A)) 
[ sin). + sinh). cos>. +cosh>. ] [BA ] = [ 00 ] >. 3 ( cos>.+ cosh.\) + !i(sin >. - sinh >.) .\ 3 (- sin>.+ sinh .\) + !i( cos). - cosh>.) (g) 
The frequency condition then becomes 
A 3 (- sin2 A + sinh2 A - cos2 A - 2 cos/\ cosh/\ - cosh2 A)+ 
K: ( ( sin A + sinh A) (cos A - cosh A) - (sin A - sinh A)( cos A + cosh A)) = 0 =? 
A 3 ( 1 + cos /\ cosh A) + K: (sin A cosh A - cos A sinh A) = 0 ( 10) 
(10) might have been obtained immediately by setting m = 0 in eq. (14) of problem 3, 
September 5, 1990 (compare fig. le of problem 3, September 5, 1990 with fig. 1 of the 
present problem). 
For lt = 3 ~J =? K: = 3, the 6 lowest solutions of (10) become 
2.21350 j = 1 
4.72340 .i = 2 
7.86097 j = 3 
Aj = 
10.99780 j=4 (11) 
14.13823 j=5 
17.27934 j = 6 
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2.11 June 12, 1992 
Duration: 4h 
PROBLEM 1 
A m m m 
rEI 
m m B 
J;;; • • • • • ~ 
a a a a a a 
AB is a horizontal plane massless Bernoulli-Euler beam with the constant bending 
stiffness EI. The beam is simply supported at both end points A and B, and the length 
is 6a. The beam is assumed to be infinitely stiff against axial deformations , and the 
contribution of the shear forces on the displacements is considered insignificant. At the 
6th points of the beam 5 point masses of the magnitude m are applied. Only small 
vertical vibrations from the static equilibrium state of the beam are considered. 
Question 1 (25% , f-l = 17.3%) 
Determine an estimation of the lowest undamped circular eigenfrequency of the structure 
by means of Rayleigh's fraction. 
PROBLEM 2 
m m m m m i l 
The figure shows an infinitely long horizontal plane Bernoulli-Euler beam with the 
constant bending stiffness EI. The beam extends continuously over an infinite number 
of intermediate simple supports. All spans have the width a, and in the middle of each 
span a point mass of magnitude m is applied. The beam is considered infinitely stiff 
against axial deformations , and the contribution of the shear forces on the displacements 
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is considered insignificant. Only small vertical vibrations from the static equilibrium 
state are considered, and the influence from any axial forces in the static e!F+ilibrium 
state on the dynamic behaviour is ignored. 
Question 1 (20%, fl = 11.4%) 
Make a sketch of the lowest eigenmode, and based on this determine the lowest un-
damped circular eigenfrequency. 
PROBLEM 3 
jp (x, t) ~ p0 cos ("' t) 
i t t t t t t t t t t t t t 
A 
X 
~
\(EI,;.t 
a 
2 
c 
a 
2 
B 
The beam AB is a horizontal plane Bernoulli-Euler beam with the constant bending 
stiffness EI and the constant mass per unit length f-l· The beam is simply supported at 
both end sections A and B. Only small vertical vibrations from the static equilibrium 
state are considered. 
The beam is loaded dynamically by a vertical harmonic varying load per unit length 
p(x, t) = p0 cos(wt). w is the circular excitation frequency and p0 is the amplitude, 
which is constant along the beam. 
Question 1 (10 %, f-l = 7.8%) 
Determine the undamped circular eigenfrequencies, eigenmodes and modal masses of 
the beam. 
Question 2 (15%, J-l = 5.7%) 
Determine the stationary dynamic bending moment at the midpoint C from the external 
dynamic load p(x, t) , when this has been acting for such a period of time that the 
response from the initial conditions has been dissipated. Otherwise, the effect of any 
damping mechanism on the system is ignored. 
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SOLUTIONS 
PROBLEM 1 
Question 1: 
m rEI m /static A m m m B equilibrium 
~ r xl ( t) rx2(t) rxit) rx4(t) rx5(t) 7A::- state 
a a a a a a 
Fig. 1: The definition of degrees of freedom. 
The beam is massless. Then the system has 5 degrees of freedom, which are selected as 
the vertical displacements x 1 ( t), ... , :rs ( t) of the point masses from the static equilibrium 
state with signs as defined in fig. 1. 
The flexibility coefficients become, see (B-1) 
c 1 "(6 .) (1". ·2 ·2) a3 
Uij = 36?. - J L-J - z - J EI (1) 
The flexibility m.atrix and the mass matrix then become 
25 38 39 31 17 1 0 0 0 0 
1 a 3 38 64 69 56 31 0 1 0 0 0 D=-- 39 69 81 69 39 M= n1 0 0 1 0 0 18 EI 31 56 69 64 38 0 0 0 1 0 
(2) 
17 31 39 38 25 0 0 0 0 1 
The static inertial load is estimated as 
1 
1 
f= 1 (3) 
1 
1 
The static displacement vector x caused by this load follows from (2) and (3), cf. (3-306) 
1 a 3 
x=Df= --6EI 
50 
86 
99 
86 
50 
The Rayleigh fraction then becomes, see (3-308) 
2226 EI 
29593 ma3 
2226 [EI ~ 0.27426 {El 
29593 V~ V~ 
Note: 
The eigenvalue problem for the 1st eigenmode reads, cf. (3-42) 
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(4) 
(5) 
(6) 
where q,(l) is the 1st eigenmode. Hence, if f = k · wfMcp(l), the displacement vector 
becomes x = k · q,(l), where k is an arbitrary constant. In this case Rayleigh's fraction 
determines the exact result wi according to (3-53). x given by (4) is merely an approx-
imation to the 1st eigenmode. Using this approximation a new static load vector better 
than ( 3) can be calculated as follows 
50 
86 
f = wiMx = k 99 
86 
50 
(7) 
where k = 1 can be applied without any restrictions. The corresponding displacements 
become 
1 a 3 
x=Df= --6EI 
3965 
6867 
7929 
6867 
3965 
In this case Rayleigh's fraction becomes 
xTf EI w~ = = 7.5152976 · 10-2 --3 =? xTMx ma 
(8) 
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(9) 
(9) is very close to the exact result. (8) indicates a new and improved approximation to 
the 1st eigenvector. Next, based on this approximation a new static load vector f = Mx 
can be calculated, from which an improved solution to the first circular eigenfrequency 
and eigenvector can be obtained, etc. The indicated iteration method, which is not 
contained in the lessons of the course, is termed inverse iteration (other names are 
Maxwell-Stodola iteration, Vianello's method, the power method etc.). 
Finally, the theoretical solution for an equivalent beam with the smoothed out constant 
mass per unit length f-L = : 1 is stated, cf. ( 4-33) 
1r2 {!I f!JI w1 = -( )2 - 1- = 0.2741557 - 3 6a 1n a ma (10) 
Obviously, this is an excellent approximation to the present problem. 
PROBLEM 2 
Question 
Fig. 1: The 1st eigenmode of the system. 
The lowest eigenmode must have the shape shown in fig. 1. At the supports, the 
displacement is zero, and the curvature changes the sign due to the symmetric. Then 
the bending moment in the first eigenmode must be zero at the supports. 
/
static 
EI,J..l==O m equilibrium 
~,Jx(t~-state 
a 
2 
a 
2 
Fig. 2: The equivalent system for the analyses of the 1st eigenvibration. 
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Eigenvibrations in the lowest eigenmode can then be analysed by means of the equivalent 
system shown in fig. 2 with the fixed simple supports at the end sections. The system 
has a single degree of freedom :r(t), which is selected as the vertical displacement from 
the static equilibrium state of the point mass m. The equation of motion reads 
x(t) = on(-mx) 
(1) 
Note: 
Similarly, higher order eigenvibrations can be analysed considering equivalent systems 
of increasing complexity. Below, in table 1 some eigenmodes have been indicated, which 
can immediately be sketched. The 1st , 2nd, 3rd, ... eigenmodes turn out to be periodic 
with a period P of 2 spans, 4 spans, 6 spans, ... , respectively. Besides, within each 
period the eigenmodes are anti-symmetric around the midpoint. The indicated ordinates 
of the eigenmodes can be determined from the orthogonality property, see (3-150) 
.p(i)T q,U) = 0 i #- j (2) 
because M = rnl. In this case q,(i) has infinite dimension. However, the orthogonality 
property can be analysed because of the periodicity of the eigenmodes. As seen from ta-
ble 1, the lowest and the highest eigenmode are analysed by especially simple equivalent 
systems. 
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Eigen- Wj Equivalent -- Mode shape vibr. llf- system i 3 
~ A~ A~ A m 
v48 ~~ 4 A 1 
(=6 .93) p a 
~" .,. ... 
~ L!L A~!0 ~ QL m ~ 2~ 2 ~ c~~ rJf 4A 
a a ( =10.4 7) p 2 2 
" 
-'~" .,.~t. .,.v 
~ ~ ~ A-=- A m ~ m 2~ 3 4k ~ z p~~ 4 A 3 p 2A a ( =12.15) a 2" 
Only highest eigenmode 
~-~~-~ ~ m ~ Yi92 %. A A A A A Jt 00 
( =13.86) p a 
Table 1: The eigenmodes of the infinite dimensional system. 
PROBLEM 3 
Question 1: 
t ~ 
(
static 
B equilibrium 
(::::::::::;::=====P.. -- state 
u(x, t) ,<P(x) 
Fig. 1: A harmonically excited, simply supported beam. Definition of signs. 
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The undamped circular eigenfrequencies become, see ( 4-33) 
j = 1,2, ... (1) 
The eigenmodes become, see ( 4-31) 
j = 1,2, ... (2) 
vVith the normalization of the eigenmodes as follows from (2), the modal masses become, 
cf. (4-64) and ( 4-65) 
a 
lvfj = j J-l(cp(i)(a:)) 2dx = ~J-la 
0 
Question 2: 
j = 1,2, ... (3) 
The solution of problem 2 has been included as example 4-6 in the textbook and will 
not be reiterated here. 
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2.12 June 16, 1993 
Duration 4h 
PROBLEM 1 
f(t) 
k c 
fa+.------
t 
The figure shows a system of a single degree of freedom consisting of a linear elastic 
spring with the spring constant k in parallel with a linear viscous damper with the 
damping constant c. Both are connected to the point mass m, which can only be moved 
in the vertical direction. The system is at rest at the timet= 0, where a step load f(t) 
is applied to the mass in the vertical direction. The magnitude of the step load is fo as 
shown in the figure. 
Question 1 (15% , fl = 5.6%) 
Determine the displacement of the mass as a function of time. 
Question 2 (10%, p = 1.6%) 
Determine the numerically largest displacement of the mass. 
The student may find the following indefinite integral useful at the solution of the 
problem 
J ax . (b ·)d._ ax asin(bx)- bcos(bx) e s1n :r. x - e 2 b? a + ~ 
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PROBLEM 2 
D m 
EJ=oo h 
a a 
y(t)= y0 cos(cA) 
The figure shows a plane horizontal massless Bernoulli-Euler beam ABC with the length 
2a. The beam is rigidly simply supported at point A and n1.ovably simply supported at 
point C. The beam ABC has constant bending stiffness and is infinitely stiff against 
axial elongations. Vertical to the beam ABC at the midpoint B a plane massless beam 
BD of the length h is applied, which are infinitely stiff in bending and against axial 
elongations. The structure is excited by a vertical harmonic motion y(t) = y0 cos(wt) 
at the support of point C. Only small vibrations from the static equilibrium state in 
the plane of the structure are considered. 
Question 1 (15%, f-l = 4.0%) 
Determine the value of h, for which the circular eigenfrequencies of the structure are 
identical. 
Question 2 (10%, f-l = 0.9%) 
Determine the stationary, dynamic bending moment in the beam ABC immediately to 
the left of point B, when the excitation has been acting for such period of time that the 
moment response from the initial conditions has been dissipated. Otherwise, the effect 
of any damping mechanism acting on the system is ignored. 
PROBLEM 3 
A EI 
a 
~F(t)~O(t) 
IB EI c EI 
2m A 
a a 
D 
• m 
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The figure shows a plane horizontal massless Bernoulli-Euler beam ABC D with the 
length 3a. The beam is rigidly simply supported at point A, supported by a movable 
simple support at point C, and is free at point D. The sub-beams AB, BC," CD all 
have constant bending stiffness EI, and the same length a. At the points B and D 
point masses are applied of magnitudes 2m and m, respectively. The beam is assumed 
to be infinitely stiff against axial elongations, and the influence on the response from 
any damping mechanism is ignored. Only small vertical vibrations from the static 
equilibrium state are considered. 
Question 1 (10%, 11 = 8.2%) 
Determine the undamped circular eigenfrequencies and the eigenmodes of the structure. 
Question 2 (15%, 11 = 4.3%) 
Determine the motion of the masses from the static equilibrium state, if the system is 
at rest at the time t = 0, where a vertical unit impulse F(t) = b(t) is applied at the 
mass at point B. 
PROBLEM 4 
A EI,J-L B 4EI, 2J-L C 4EI, 2J-L D EI,J-L E 
a a a a 
The figure shows a continuous, horizontal plane Bernoulli-Euler beam ABCDE. All 
the sub-beams AB, BC, CD and DE have the length a, constant bending stiffness and 
constant mass per unit length. 
The beams AB and DE both have the bending stiffness EI and the mass per unit 
length 11· The beams BC and CD both have the bending stiffness 4EI and the mass 
per unit length 2{L. The beam is rigidly supported by a rigid simple support at point C, 
and by movable simple supports at the end sections at the points A and E. The beam is 
assumed to be infinitely stiff against axial elongations, and the influence on the dynamic 
behaviour from any axial forces in the static equilibrium state is ignored. Further, only 
small vertical vibrations from the static equilibrium state in the plane of the structure 
are considered, and the influence from any damping mechanism is ignored. 
Question 1 (10%, 11 = 7.6%) 
Prove that the eigenvibrations of the structure can be analysed by means of equiva-
lent reduced systems, corresponding to symmetric and anti-symmetric eigenvibrations, 
respectively. 
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SOLUTIONS 
PROBLEM 1 
Question 1: 
k c 
m I Tx(t) 
• f( t) 
Fig. 1: Single degree-of-freedom system. 
With the initial values x( O) = ±(0) = 0, the solution to the forced vibration problem 
becomes, cf. (2-110), (2-121) 
it . it e-(w~(t-r) x(t) = h(t- T)j(T)dT = fo sin(wd(t- T))dT = o o rn.wd 
J!!__ t e-(wou sin(wdu )du = 
mwd Jo 
J!!__ [ -(wou -(wo sin(wd1l)- Wd cos(wdu)l t 
e '2 ? 2 171Wd ~ Wo + W d O 
.fo 2 [1-e-(wot(cos(wdt)+ J ( sin(wdt))] 
mw0 1- (2 
where 
? k 
W{j =-
171 
' c ~=-= 2~ 
(1) 
(2) 
(3) 
(4) 
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Question 2: 
The maximum condition reads 
dx( t) . l ( ) fa (w t . ( ) 
--· =fa 1 t = --e- 0 sm wdt = 0 ~ 
dt 1?1Wd 
sin(wdt) = 0 ~ 
p = 1,2,· .. (5) 
Due to the damping the global maximum is then attained at the first local maximum, 
i.e. for p = 1, corresponding to t = n)wd. Inserting wdt = 1r into (1), the maximum 
response is obtained as follows 
I fa I [ ( (wan) ( ( . ) l lx(t)lmax = --? 1- exp --- cos(n) + sm(n) 
mw0 Wd J1- (2 
lfal ( ( ( )) 
- 1 +exp - 1r 
k J1- (2 (6) 
PROBLEM 2 
Question 1: 
rJ=mh2 
A EI B ~ EI C ,);;~=_ =======~lk=:;=x=2(=t=)====~=::::p ;ta tic equili bri urn 
lx1(t) , l y(t)=y0 cos(wt) 
state 
a a 
Fig. 1: Equivalent system. 
The effect of the beam BD can be replaced by the distributed mass m with the moment 
of mass inertia J = rnh2 at point B as shown in fig. 1. The system has 2 degrees of 
freedom which are selected as the vertical displacement x 1 (t) and rotation :r 2 (t) of point 
B from the static equilibrium state and with signs as defined in fig. 1. 
Application of d'Alembert's principle provides 
x1(t) = 1y(t) + 811(-mii) + Oiz(-Jiz) l 
x2 (t) = 'J1 y(t) + 01z(-mi i) + 822(-Jiz) 
~a 
(1) 
The flexibility coefficients entering (1) can be found as 
1 a3 
Du=--6El 
512 = 0 
1 a 522 = --6El 
a) ~=1 
A 8 2 C 
~ 
a a 
M-1.. b)~-, 
a 
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(2) 
Fig 2: a) Load for calculation of 822. b) Equivalent , reduced system for calculation of 
522. 
522 is easily calculated from the equivalent system shown in fig. 2b , where the relation-
ship between .M and e is known to be 
1VI=3Ele 
a 
(3) 
Inserting Jvf = t, 8 = 822 = i Jl1 is obtained. By inser ting (2) into (1) the following 
equations of motion are finally obtained 
6El El } mi1 + - 3- xl = 3-3 Yo cos(wt) a a 
.. 6El El 
mx2 + --? :r3 = 3----;;-1? Yo cos(wt) air a- r 
(4) 
As seen, the equations of motion are decoupled with the selected degrees of freedom . 
The circular eigenfrequencies become 
6El 
mah2 
(5) 
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Hence, WI = w2 if h = a. 
Note: 
A similar problem has been included in the textbook as example 3-12. 
Question 2: 
1 -mX r· 1 
A MB(t)"-._ t- x, 
~~=_====~)FB=======~~C 
a a 
Fig. 3. Inertial loads on simply supported beam. 
The bending moment lvfs(t) to the left of point B is made up of a sum of contributions 
from the quasi-static displacement of point C, and contributions from the inertialload-
ings at point B. Since the quasi-static displacement of the beam is a stiff-body mode, 
no bending moments are introduced. With the sign defined in fig. 3 one then has for 
JI!Is(t) 
Using (5) the stationary solution of ( 4) is found to be 
( ) 1 wi . ) xi t = :- ? 2 Yo cos(wt 2w1-w 
1 w~ Yo . 
x2(t) = ;- ? ? - cos(wt) 
2 w2- w- a 
.. ( ) 1 w2wi ( ) XI t = -- 2 2 Yo cos wt 2w1 -w 
1 2 2 
.. . . w w? Yo . ) 
:r2(t) = -:- ? -? - cos(wt 
2 w2- w- a 
Finally, from (6) and (7) it follows that 
171Cl ( wi wi h2 ) 2 j\1s(t) = - ? ? - ? ? 2 w Yo cos(wt) 
4 w1 - w- w2 - w- a 
(6) 
(7) 
(8) 
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PROBLEM 3 
Question 1: 
((t)=O(t) 
A EI I B EI c EI D ~q:=, ====-t::l2;:::m===7\===r=r=======eim static equilibrium state 
f x 1(t) ~ f x 2(t) a a a 
Fig. 1: 2 degrees-of-freedom system. 
Since the beam is massless the system has but 2 degrees of freedom which are selected 
as the vertical displacements x1 ( t) and x2 ( t) of the masses at point B and point D from 
the static equilibrium state with signs as shown in fig. 1. Using d'Alembert's principle 
the equations of motion read 
x1 (t) = bn ( -2mx1 + F(t)) + b12(-mx2) } 
x2(t) = 612 ( -2mx1 + F(t)) + 622( -mx2) 
where the flexibility coefficients can be calculated as follows, cf. (B-1 ), (B-2), (B-3) 
_ 2 a3 
011 
= 12 EI 
_ 3 a3 
012 
= -12 EI 
_ 12 a3 
022 
= 12 EI 
(1) 
(2) 
Inserting (2) into (1) and inverting the flexibility matrix the following equations of 
motion are obtained 
[ 20m 0] r~ll +~E: [12 3] [x1] = [1]F(t) m x2 5 a 3 2 x2 0 
X1(0-) = X2(0-) = 0 X1(0-) = X2(0-) = 0 
t > o- } (3) 
Eigenvalues and eigenmodes are determined from the homogeneous linear equations 
[12-2/\ 3 ] [cpll = [0] 3 2-). «:P 2 0 (4) 
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The characteristic equation becomes 
det ( [ 12 ~ 2-A 2 ~ _,\]) = 0 ::::} 
2-A 2 - 16-A + 15 = 0 ::::} 
The eigenmodes are normalized as follows 
' [ cp(j)] q.(J) = t ' j = 1, 2 
The first component ci>ij) is determined from the first equation of ( 4) 
(12- 2-Aj)ci>ij) + 3 ·1 = 0 ::::} 
cp(j) - 3 - { 4-f4 ' j = 1 ' 
1 
- 2-Aj - 12 - ¥ _j = 2 
The modal masses become 
Question 2: 
Since x(O-) = 0 it follows from (3-143) that 
x(t) = 1~ h(t- T) [ ~] D(T)dT = h1 (t) 
j = 1 
j=2 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
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h 1 ( t) signifies the first column in h( t). From ( 3-190), ( 3-195) it follows that 
2 
h(t) = L hj(t).P(j).p(j)T (12) 
j=l 
h (t) = - 1- sin(w ·t) 1 
· · M ·w · 1 J J 
(13) 
Inserting (8), (9), (10) , (12) , (13) into (11) provides the solution 
(14) 
PROBLEM 4 
Question 1: 
a) A EI,f.L B 4EI, 211- C 4EI, 211- D EI, 11- E 
a a a a 
b) A EI,f.L 
~ 
B 4EI, 211- C 
~ 
a a 
c) A EI,f.L B c~ 
Fig. 1. a) Symmetric, continuous , homogeneous beam. b) Equivalent system for anti-
symmetric eigenvibrations. c) Equivalent system for symmetric eigenvibrations. 
The considered structure shown in fig. la is symmetric around point C. Hence, the 
eigenvibrations separate into anti-symmetric and symmetric eigenvibrations. The equiv-
alent systems for the analysis of anti-symmetric eigenvibrations and symmetric eigen.:-· 
vibrations have been shown in fig. lb and fig. le, respectively. 
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2.13 August 31, 1993 
Duration 4h 
PROBLEM 1 
A 
rB(t)~ Fsin(wt) 
J.L=O 
f~(t) ~ f Fcos(wt) 
B C /EI, 
~ A ~ e e e 2 2 
The figure shows a horizontal plane massless Bernoulli-Euler beam free of damping, 
and with the constant bending stiffness EI. The beam is rigidly, simply supported 
at point A, and supported by a movable simple support at point C. At point D a 
vertically acting, linear viscous damper with the clamping constant c and a point mass 
m, is applied. At the midpoint B of the span AC and at the point D vertical harmonic 
forces f B ( t) = F sin( wt) and f D ( t) = ~ F cos( wt) are acting with signs as defined in 
the figure. The beam is infinitely stiff against axial vibrations, and only small vertical 
vibrations from the static equilibrium state are considered. 
Question 1 (15%, J.l = 13.3%) 
Formulate the equation for the motion of the point mass from the static equilibrium 
state. 
Question 2 (10%, p. = 3.7%) 
Determine the stationary motion of the mass, when the excitation has been acting for 
such period of time that the response from the initial conditions has been dissipated. 
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The figure shows a plane system of masses, springs and a damper. The masses 1n1 and 
m 2 can only move horizontally in the plane of the system. All springs are linear elastic 
with the spring constants kl' k2 and k3' and are all acting in the direction of" niotion of 
the masses. The damper is linear viscous with the damping constant c, and is also acting 
uni-directionally to the direction of motion of the masses. The connection between the 
masses, springs and the damper as well as the support and boundary conditions of the 
system are shown in the figure. 
Question 1 (15%, f-L = 12.6%) 
Formulate the equations for the motion of the masses from the static equilibrium state. 
Question 2 (10%, f-L = 9.3%) 
Determine the undamped circular eigenfrequencies and the eigenmodes of the system 
for the following values of the system parameters 
kl = k2 = k3 = k 
c=O 
PROBLEM 3 
The figure shows a plane system of masses and springs. The masses with the magnitudes 
indicated in the figure can only move horizontally in the plane of the system. The springs 
are all linear elastic with the indicated spring constants. The connection between the 
masses and the springs as well as the support and boundary conditions of the system is 
shown in the figure. 
Question 1 ( 15%, f-L = 14.1%) 
Formulate the equations for the motion of the masses from the static equilibrium state. 
Question 2 (10%, f'· = 8.2%) 
Show that the undamped circular eigenfrequencies of the system are given as 
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Wj = 
0.37309{f 
1.32132 (k y-;; 
2.02852{f 
j = 1 
j=2 
j=3 
Next , determine the undamped eigenmodes of the system. 
PROBLEM 4 
c 
EI, J-L D 
B 
A 
e 
The figure shows a plane beam structure consisting of the 3 Bernoulli-Euler beams 
AB, BC and CD all of the length l, with the constant bending stiffness E I and with 
the constant mass per unit length f-l· The beams AB and BC are vertical and the 
beam BD is horizontal. The structure is rigidly simply supported at the points A and 
C , movably simply supported at the point D , and the beams AB, BC and BD are 
rigidly joined at point B. All the sub-beams are assumed to be infinitely stiff against 
axial deformations. Only small vibrations from the static equilibrium state in the plane 
of the structure are considered, and the influence on the dynamics from possible axial 
forces in the static equilibrium state is ignored. 
Question 1 (25%, fl = 8.6%) 
Formulate the frequency condition for the determination of the undamped circular eigen-
frequencies of the structure. 
175 
SOLUTIONS 
PROBLEM 1 
Question 1: 
e 
Fig. 1: Forces on the free beam. 
The beam ABC D is massless and infinitely stiff against axial elongations. Hence, the 
system has but a single degree of freedom, which is selected as the vertical displacement 
x2(t) of the point mass from the static equilibrium state with sign as defined in fig. 1. 
Besides, an artificial degree of freedom x1 ( t) indicating the vertical displacement of the 
indirectly acting force .fB(t) is introduced, cf. (2-160). The beam is cut free from the 
damper, and the dam.per force cx 2 (t) is applied as an external load with sign as defined 
in fig. 1. Besides, the inertial load -mx 2 (t) is applied as an external dynamic load 
acting on the mass according to d'Alembert's principle. The equation of motion for the 
mass reads 
The flexibility coefficients are given as, cf. (B-2), (B-3) 
1 [3 
61 ') = ----
- 16 EI 
Inserting (2) into (1) the following equation of motion is obtained 
wo = {;f; = 
c {l3 
( = 2wom = cy~ 
(1) 
(2) 
(3) 
(4) 
(5) 
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3 F? = -F 
- 8 
(6) 
(7) 
w0 and ( signify the undamped circular eigenfrequency and the damping ratio of the 
system, respectively. The right-hand side of (3) can be written 
F1 sin(wt) + F2 cos(wt) = Fo cos(wt- a)= Re (F0 e-iaeiwt) (8) 
where 
F0 cos a = F 2 
} =} Fo sin a = F1 
j ? ? 3vT7 Fo = F1- +Fi = --F 
- 32 
(9) 
F1 1 
tan a = - = - - ::::} 
F2 4 
C\' = -0.24498 (= -15°.596) (10) 
The equation of motion can then be given on the standard form (2-58) for forced har-
monic vibrations of single degree-of-freedom systems 
(11) 
Question 2: 
The stationary solution to (11) becomes, see (2-64), (2-69), (2-70), (2-71) 
(12) 
(13) 
( 2(wow ) (1) '41 = '41 o + a = arc tan ? ? - arc tan -w0 - w- 4 (14) 
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PROBLEM 2 
Question 1: 
kl 
a) ,l----.1\/'VV'-------. 
b) 
Fig. 1: a) Definition of degrees of freedom. b) Forces on free masses. 
The system has 2 degrees of freedom which are selected as the horizontal displacements 
:r 1 (t) and x 2 (t) of the masses 1n 1 and m 2 from the static equilibrium state with signs 
as defined in fig. la. The masses are cut free from the springs and the damper, and 
the spring forces k1 Xz ( t ), kz ( :rz ( t) - x1 ( t)) , k3x1 ( t) and the damper force ci:1 ( t) are 
applied as external forces with signs as shown in fig. lb. Newton's 2nd law of motion 
for each of the masses provide } ~
Mx+ Cx+Kx = o (1) 
0 l c- [ c 
1n2 ' - 0 
Question 2: 
For n1 1 = mz = m. , k1 
. [q>(j)l 
eigenmodes cp(J) = ~Ptj) 
= kz = k3 = k the circular eigenfrequencies w j and the 
become, cf. (3-42) 
(3) 
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mw 2 >-·- __ J 
J- k 
The characteristic equation becomes 
Wj = { 
j = 1 
j=2 
1.0/f m. 
V3{f 
j = 1 
j = 2 
The eigenmodes are normalized as follows 
. [<I> (j) ] c;pC.7) = 
1 
1 
The first component <I>i.i) is determined from the 2nd equation of (3) 
(j) { 1 <I> 1 = 2- Aj = 
-1 
Note: 
Fig. 2: Equivalent system. 
j = 1 
j = 2 
(4) 
(5) 
(6) 
(7) 
(8) 
It should be realized that the present system is dynamically equivalent to the one shown 
in fig. 2. Hence, the equations of motion might have been obtained by specializing 
the general equations of motion for a 2 degrees-of-freedom system (3-38), (3-39), and 
eigenfrequencies and eigenmodes might have been obtained by specializing (3-61). 
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PROBLEM 3 
Question 1: 
a) 
b) kx~~~ ~ k(x,-x1)~ 2k(x3- x,) 
Fig. 1: a) Definition of degrees of freedom. b) Forces on free masses. 
The system has 3 degrees of freedom which are selected as the horizontal displacements 
:e 1 (t), x (2 (t) and :r3 (t) of the masses m, n"t and 2m. from the static equilibrium state 
with signs as defined in fig. la. The masses are cut free from the springs , and the spring 
forces kx 1 ( t), k ( x 2 (t)- x 1 ( t)) and 2k ( x 3 ( t)- x 2 (t)) are applied as external forces with 
signs as shown in fig. 1 b. Newton's 2nd law of motion for each of the masses provides 
Mx+Kx = o 
x(t) = r ~ ~~~~l ' M= r~n ~. 
:r 3 (t) 0 0 
Ques tion 2: 
0 l [ ?k 0 , K = -k 
2m. 0 
-k 
3k 
-2k 
(1) 
(2) 
The circular eigenfrequencies w j and the eigenmodes (_[)()) T = [ ~ ij), ~ ~j), ~ ~j) J then 
become, cf. (3-42) 
[ 
2- Aj 
-1 
0 
-1 
3- Aj 
-2 
0 l _') 
2-2,\ r 
~ij)] 
~(j) 
2 
~(j) 
3 
[~] (3) 
( ~) 
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The characteristic equation becomes 
A 3 - 6A 2 + 8A · - 1 = 0 (5) J J J 
From the analytical solution of the 3rd order equation (Cardano's theorem) the solution 
of (5) is given as 
Wj = 
2- .,h cos()- 2 sin()~ 0.1391941 
2 - .,h cos() + 2 sin() ~ 1. 7 458983 
2 + )3- cos() ~ 4.1149075 
j = 1 
j = 2 
j = 3 
v2- ~cos()- 2sinel"f = 0.3730873/"f j = 1 
v2- ~cos()+ 2 sin el"f = 1.3213245/"f j = 2 
v2 + )3- cos() l"f = 2.0285235/"f , j = 3 
where () is given as 
(6) 
(7) 
(8) 
In the present solution the circular eigenfrequencies have been found analytically. The 
assumed approach for proving the statement of the problem is from the given solutions 
(7) to evaluate the eigenvalues (6) and show that these fulfil the 3rd order equation (5). 
The eigenmodes are normalized as follows 
(9) 
The first and second components <I>i.i), <I>~.i) are determined from the 2nd and 3rd equa-
tions of (3) 
- <I>i.i) + (3- /\j)<I>~.i)- 2 . 1 = 0 } =* 
- 2 <I> ~.i) - ( 2 - 2 A .i ) · 1 = 0 
(lOa) 
(lObJ 
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Inserting the numerical values of (6) the eigenmodes become 
r 
0.4625984
1 
r -2.9354323
1 
r 1.4 728339.
1 
.. 
q,(l) = ~.8608059 ' cp( 2) = -~.7458983 ' cp( 3) = -~.1149075 (11) 
PROBLEM 4 
Question 1: 
a) 
EI,J.L 
e 
e 
b) 
r'"~ ..... .-kl EI, J.L EI,J.L B~ ~ B 
::i_ e 
e 
Fig. 1: a) Anti-symmetric eigenvibrations and equivalent system. b) Symmetric eigen-
vibrations and equivalent system. 
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The structure is geometrically and mechanically symmetric around the line BD. Hence, 
the eigenvibrations will separate into anti-symmetric and symmetric eigenvibrations as 
sketched in figs. 2a and 2b, respectively. 
For anti-symmetric eigenvibrations the eigenmodes for each of the 3 sub-beams AB, 
BC and CD will be congruent. Hence, the amplitudes of the bending moments at the 
end sections adjacent to mode B will all be equal to the value Mo, see fig. la. If 
node B is cut free moment equilibrium then requires lvfo = 0. During anti-symmetric 
eigenvibrations all sub-beams then have zero displacement and zero bending moment at 
node B, which is tantamount to a fixed simple support. Anti-symmetric eigenvibrations 
can then be analysed by the equivalent simply supported beam shown in fig. la. From 
( 4-29) it then follows that 
j = 2,4, 6, 0 0 0 (1) 
For symmetric eigenvibrations the node rotation in node B is zero. Beam BC is un-
deformed and is equivalent to a point mass at point B of magnitude rn = p,l. The 
symmetric eigenvibrations can then be analysed by the equivalent system shown in fig, 
lb. The frequency condition for this system follows from lecture 1.9, problem 2, eq. (8) 
0 th - _E__!__ - !. 0 
w1 I' - 2 1 - ? , 1. e. !l -
(2) 
The solution to (11) has been given in lecture 1.9, problem 2, eq. (9), and is identical to 
those in eq. (9) of the present problem for j = 1, 3, 5, .... It should be emphasized that 
the general case, where the parameters of the sub-beams AB and BC are not identical, 
cannot be analysed by the indicated symmetry considerations. 
The 6 lowest solutions of (1) and (2) become 
1.31966 j = 1 (symmetric) 
3.14159 .i=2 (anti-symmetric) 
4.23720 j = 3 (symmetric) 
/\i = 
6.28319 .i=4 (anti-symmetric) (3) 
7.28084 .i = 5 (symmetric) 
9.42478 .i=6 (anti-symmetric) 
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Duration: 4h 
PROBLEM 1 
( ) -at 
-Cl f t =Fe '\ !EI,J-L;O 
B c D E G 
m../ "-m 
~C0 ~C0 
a a a a a a 
The figure shows a horizontal, plane, massless Bernoulli-Euler beam ABCDEFG of 
the length 6a and with the constant bending stiffness EI. The position of the points 
on the beam is shown in the figure. The beam is simply supported at the points A 
and G. At the points C and E point masses of the magnitudes m and linear viscous 
damping elements with the damping constants c are attached. The damping elements 
are acting in the vertical direction. Between the points C and E an additional linear 
viscous clamping element is attached with the clamping constant c1 , which is activitated 
by the relative motion of the points C and E. The damping element is connected to 
the points C and E by the indicated gallows-like structures, which are assumed to be 
infinitely stiff. 
At the points B and F the vertical force j(t) = Fe-at, t 2: 0, where F and a are 
positive constants. The force is acting downwards at point B and upwards at point 
F. The beam is assumed to be infinitely stiff against axial vibrations, and only small 
vertical motions from the static equilibrium state are considered. The beam is assumed 
to be at rest at the time t = 0. 
Question 1 (30%. f-l = 18.2%) 
Determine the motion of the masses from the static equilibrium state. 
Question 2 (10%. f-l = 1.9%) 
Next, the the vertical forces j(t) =Fe-at at the points B and Fare both assumed to 
be downward directed. Answer the same question 1 again. 
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The following definite integral may be of help at the solution of the problem 
PROBLEM 2 
rEI,tJ-=0 A B C D 
~R==_===w;'C;::::::m=1 ==:Ji=n==_=====J!:: = !! 
a a 
t y(t)= Ycos(wt) 
a 
The figure shows a horizontal, plane, massless Bernoulli-Euler beam ABCD of the 
length 3a , free of damping and with the constant bending stiffness EI. The sub-beams 
AB, BC and CD all have the same length a. The beam is simply supported at the point 
A and is extended continuously over the support at point C. At point B a point mass 
m 1 is attached, and at point D a vertical linear elastic spring with the spring constant 
k = ~f, massless and free of clamping, is attached. At the free end of the spring a point 
mass m 2 is attached. The support at the point C is assumed to move harmonically in 
the vertical direction as y(t) = Y cos(wt ) where Y and w are real, positive constants, 
whereas the support at point A is a.t rest. The beam is assumed to be infinitely stiff 
against axial deformations, and only small vertical vibrations of the beam and the mass 
m 2 from the static equilibrium state are considered. 
Question 1 (30%. fl = 15.9%) 
Formulate the equations of motion for the determination of the vertical motion of the 
n1asses . 
Question 2 (10%. f-L = 3.3%) 
vVith the data 1n1 = 2rn and nt2 = m , determine the value of the circular frequency 
w of the harmonic motion of the support at point C for which the masses m 1 and m 2 , 
respectively, are at rest in the stationary motion, as the response from possible initial 
conditions has died away. 
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PROBLEM 3 
P-47 A EI,fL 
e 
The figure shows a plane, horizontal, rectilinear Bernoulli-Euler beam AB of the length 
l, free of damping, with the constant bending stiffness EI and with the constant mass 
per unit length f-L· The beam is simply supported at point A and supported at point B 
by a vertical, linear elastic spring with the spring constant k. In the static equilibrium 
state the beam is loaded by the compressive axial force P as shown in the figure. The 
beam is assumed to be infinitely stiff against axial deformations , and only small vert ical 
vibrations from the static equilibrium state are considered. 
Question (20%. f-L = 15.0%) 
Formulate the frequency condition for the determination of the undamped circular eigen-
frequencies of the beam. 
SOLUTIONS 
PROBLEM 1 
Question 1: 
a a 2a a a ~--~---+--~~--~----------------T-------~~--~ 
Fig. 1: Forces on free beam. 
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The beam is massless. Hence, the system has but 2 degrees of freedom, which are 
selected as the vertical displacements x 1(t) and x 2 (t) ofthe points C and E with signs as 
defined in fig. 1. Besides, the vertical displacement of the points B and F is introduced 
as auxiliary degrees of freedom X3 ( t) and :l:4 ( t) with the indicated signs. The external 
dynamic loads h(t) and !4(t) are considered positive when acting in the direction 
of x 3 (t) and x 4 (t). The beam is cut free from the dampers, and the damper forces 
co:i:1 (t) + c1 ( x 1 (t)- xz ( t)) and cox2 ( t)- c1 ( x 1 ( t)- :i:2 (t)) are applied as external forces 
at points C and E with signs as defined in fig. 1. Further, the intertialloads -1ni1 ( t) 
and -mi2 (t ) are applied as external loads in accordance with d'Alembert's principle. 
The equations of motion then read, cf. (3-1 ) 
xi(t) = 611 ( -m~1 - cox1 - ci(~1 - ~2)) + 612. ( -m~2 - co~2 + c1 (~1 - ~2)) + 613h(t) + 614!4 (t)} 
x2(t) = 621 ( -mx1 - cox1 - c1 (xl - x2)) + 622( -mx2- cox2 + c1 (x1 - x2)) + 623!3(t) + 624!4(t) 
(1) 
The flexibility coefficients are given as, see (B-1) 
D= ~] (2) 
- ] 1 3 [ 014 a 38 
824 = 18 EI 31 
31] 
38 (3) 
The equations of motion for the displacements of points B and E can then be written 
M :X + ex + Kx = f( t) 
M=[ 17" 0] 
' 0 m 
K = 2_ EI [ 8 - 87] 20 a3 -7 f(t)-KD [h(t)l __ 1 [ 87 ' - 1 !4(t) - 120 -18 
In question ( 1) the dynamic loading is given as follows 
h(t) = f(t) = Fe-at } 
.f4(t) = -.f(t) = -Fe-at t > 0 
(4) 
(5) 
-18] [h(t)l (6) 
87 .f4(t) 
(7) 
Because of the anti-symrnetric loading and the geometrical and mechanical symmetry of 
the structure around point D, the displacements become anti-symmetric around point 
D. Hence 
(8) 
The 1st equation of (4) then provides 
·· · 2 7 -at 
rn(x 1 + 2(w0 x 1 + w0 xi) = SFe 
x1(0) = 0 , x1(0) = 0 
where 
2 9 EI w ----
0 - 4 ma3 
eo+ 2cl 2(wo = ---
1n 
The displacement of point C then becomes, cf. (2-121) 
where, cf. (2-49), (2-110) 
{ 
0 
h( 1l) = . . -1-e-~wou Sln(wdu) 
111.Wd 
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(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
Upon inserting the impulse response functions as given by (13) and evaluating the 
integral in (12) the following result is obtained 
lF 
:r1(t) = ( 8 ) 
n1wd (a- (wo) 2 + w~ 
Question 2: 
The load is now symmetric around point D, i.e. 
h(t) = f(t) =Fe-at } 
f4( t) = f(t) =Fe-at t > 0 
Hence, the displacements also become symmetric 
(15) 
(16) 
(17) 
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The 1st equation of ( 4) then provides 
.. . ? 23 -at 
m.(x 1 +2(woxl +w0:rr) = 40 Fe · 
XI(O) = 0' XI(O) = 0 
where 
? 3 EI Wo =-
20 ma3 
eo 2(wo =-
m 
Finally, the displacement of point C becomes 
23 f 
x1(t) = . '10 " 
mwd((a- (wo) 2 + w~) 
(e-(wot((a- (wo)sin(wdt) -wdcos(wdt)) +wde-at) 
Notice that (, w0 and Wd have different meanings in (15) and (21). 
PROBLEM 2 
Question 1: 
(EI,J.L =0 
a) ~Q:===:::;iB~====;C;:;:===~D __ static equilibrium 
77777. m/~ A '~state 
x 1 I m2~ 
y( t)= Ycos (cut)f 
x2 
b) 
a a a 
(18) 
(19) 
(20) 
(21) 
Fig. 1: a) Definition of degrees of freedom. b) Forces on oscillating beam and mass m2~: 
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The beam and the spring are massless. Hence, the system has but 2 degrees of freedom 
which are selected as the vertical displacements Xi(t) and x2(t) of the point masses m 1 
and m 2 from their static equilibrium position with signs as defined in fig.· ·la. The 
displacements of the masses are made up of a quasi-static component xi0)(t) from the 
stiff-body motion of the beam and the spring, and an elastic contribution Di1 ( -m1 x1 ) + 
Di2( -m2x2) from the inertial loads -m1:i.:1 and -m2x2 which are applied with the signs 
shown in fig. lb. 
The quasi-static motion can be written, cf. (3-327) 
(1) 
o11 , 012 = o21 , D22 are the flexibility coefficients when the beam is simply supported at 
the points A and C, as seen from the displacement curve shown in fig. lb. 1522 is made 
up by a contribution t from the extension of the spring, and a contribution ;;~ from 
the vertical elastic displacement of point D . The flexibility coefficients are given as, see 
(B-1 ), (B-2), (B-3) 
D = [ ~11 
b21 
-3 ] 
12(1 + fa~) (2) 
The equations of motion for the masses m 1 and m 2 then become, cf. (3-328), (3-329) 
x1(t) = xi0)(t) + bn( -nL1xi) + D1z( -m2x2) } 
1.:2(t) = x~0 )(t) + 621 ( -n1.1x l) + 622( -m2x2) 
Mx + Kx = F cos(wt) 
x(t) = [J.:1(t)l 
xz ( t) 
K = i_ E I [ 24 3] 
13 a3 3 2 
F = KUY = ~ EI y [ 11 ] 
' 13 a3 3 
where k = Ef has been applied. 
a 
Question 2: 
The stationary response of (3) becomes, see (3-100), (3-101) 
x(t) =X cos(wt) 
(3) 
(4) 
(5) 
(6) 
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-3 ] 
24- 2). [ 11] = ~ y_ [-13- 1L\] 3 2 D 39- 6>. 
(7) 
where 
(8) 
D = (24- 2>.)(2- /\)- 9 (9) 
The stationary response x( t) = X cos( wt) is in phase with the excitation y( t) = Y cos( wt), 
and the amplitude X is real, because the structural system is free of damping_ 
From (7) it follows that x1 ( t) = 0, if 
(10) 
:r 2 (t) = 0 is obtained, if 
w =w~ = h {EJ 
- V~ (11) 
Fig_ 2: Forces on oscillating beam and mass m 2 _ 
Alternatively1 the following approach may be used at the solution of the problem_ The 
vertical displacement of point D from the static equilibrium state is introduced as an 
artifici al degree of freedom, see fig_ 2- The spring is cut free from the beam, and the 
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spring force k( :r2 - :r0 ) is applied as an external force on the beam and on the free 
mass m 2 with signs as defined in fig. 2. The motion of the points B and D consists of 
quasi-static stiff-body contributions :ri0)(t) = ~y(t) and x~0 )(t) = x~0 )(t) = ~ytt) from 
the motion of the support at point C and elastic contributions from the inertial force 
1n1x1 at point B and from the spring force k(x 2 - x0 ) at the point D. The equations 
of motion can then be written, cf. eq. (3) 
x1(t) = xi0)(t) +Du (- m.1x1) + D1o(k(x2- xo)) } 
:z:0(t) = x~0 )(t) + Do1 (- m1x1) + Doo(k(x2- xo)) 
(12) 
where Do1 = D10 = D12 = -i ~~, Doo = ~~ (= D22 for k -t oo ). The motion of the free 
mass n~2 IS giVen as 
m2x2 = -k(;r2 - xo) (13) 
The 2nd equation of (12) is solved for :z: 0 (t) 
1 ( 3 1 a3 ka3 ) 
-y(t) + --m1i:1 + -x? ·· 
1 + ";; 2 · 4 EI EI - (14) 
Next, the equations of motion for x 1 (t) and x 2 (t) follow from the 1st equation (12) and 
from (13) upon eliminating x 0 (t) by means of (14). 
PROBLEM 3 
p A EI,fl- B p r stat!l.~b . 
-----ff=P==_==========T===========x~ -----_ ----- equl 1 TlUin ~ I state 
~ f'-~(x) 
e 
Fig. 1: Beam with constant bending stiffness and constant mass per unit length, loaded 
with compressive axial force. 
The beam AB has constant bending stiffness EI, constant mass per unit length f..L, and 
the compressive axial force N = -P. The eigenmodes and associated eigenvalues are 
192 
then the solutions to the linear eigenvalue problem , cf. ( 4.13) 
<1>(0) = 0 
d2 . 
dx2 <1>(0 ) = 0 
d~~2 <I>( l) = 0 
EI :~3 <I>( l) + P ~:<I>( l) = k<l>(l) 
The solution of (1) is given by (4-16), ( 4-17) 
<I> ( :l:) = A sin (AT) + B cos (AT) + C sinh ( v T) + D cosh ( v T) 
V= 
where 
p[2 
0' =-
EI 
2 
0' \ <1 0' 
-+ /\ +-
4 ° 2 
0' 
--
2 
} ~ 
(1) 
(2) 
(3) 
(4) 
(5) 
The boundary conditions at :l: = 0 imply B = D = 0, see (4-24). Then (2) reduces to 
(6) 
Upon inserting (6) into the boundary conditions at x = l the following homogeneous 
equations are obtained for the determination of A and C 
~21 ( -AA 2 sin A+ Cv2 sinhv) = 0 
~3! (-AA3 cos/\+Cv3 coshv) + ~ (AAcosA+Cvcoshv) = 
k(Asin/\ + C sinhv) 
[ 
-A2 sin A 
( -A3 + aA) cos A- li sin A v
2 
sinh v ] [ AC ] [ o
0 
] ( v3 + av) cosh v - ii sinh v 
where 
kl3 
K--
.- EI 
The frequency condition then becomes 
- /\ 2 sin A ( ( v3 + a v) cosh 1/ - li sinh 1/) -
1/2 sinh v(( -A 3 + aA) cos A- li sin A) = 0 :::::} 
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(7) 
(8) 
(9) 
In order to get an overview of the eigenvalues the static buckling loads must first be 
determined. These are obtained from the eigenvalue problem (1) for w = 0. The solution 
of the differential equation becomes 
\fJ (X) = A sin (vaT) + B cos ( v0. T) + c T + D (10) 
where a is given by (4). The boundary conditions at x = 0 imply B = D = 0. Then 
(10) reduces to 
\fJ ( :r) = A sin ( fo T) + C T (11) 
The boundary conditions at x = l imply the following homogeneous equations for the 
determination of A and C 
- A E I a sin ;a; = 0 } [2 yu
:::::} 
-A Eiaf cos fo + P( A f cos fo + C~) = k(Asin fo +C) 
(12) 
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where P and k have been eliminated by means of (4) and (8). Critical values of a, 
and hence of the compressive axial force, are found if the determinant of the coefficient 
matrix is equal to 0, i.e . · 
sin fo ( li - a) = 0 :::::} 
a= (j1r)2 , j = 1,2, ... } 
a=li 
(13) 
In case a= (.j1r) 2 {::> sin fo = 0 the second equation of (12) provides C(ii- a)= 0 :::::} 
C = 0 (unless K = (j 1r )2 ! ) . So, the buckling eigenmodes become 
j = 1,2, . .. (14) 
In case a = li :::::} sin fo-=/= 0 (unless K = (j1r) 2 ) the 1st equation of (12) provides 
A sin fo = 0 :::::} A = 0. The corresponding buckling eigenmode then becomes 
(15) 
(14) corresponds to instability of the beam, whereas the supporting spring is not de-
formed. (15) corresponds to instability of the supporting spring, leaving the beam 
undeformed. The eigenmodes (14) and (15) have been illustrated in fig. 2. 
a) 
b) p 
X 
~
-~ 
X 
~
r static 
--- equilibrium 
state 
('fr(O)(X) r static 
----- equilibrium 
I i 4 P state 
Fig. 2: Statical buckling modes. a) Instability of beam. b) Instability of supporting 
spnng. 
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Let a 1 = min( 1r 2 , K, ). As a j a 1 it can be shown from (9) that w1 l 0, where w1 is 
the first circular eigenfrequency. As an example, consider the case 1\, = 10, so a 1 = 1r2 . 
Then the following result is obtained from (9) for the 5 lowest eigenvalues of the non-
dimensional frequency parameter Ao,j, j = 1, ... , 5, defined by (5) as a function of the 
relative magnitude of the compression force _Q_ = PP , where PE = 1r2 E1/ is the Euler 0<1 E 
instability load. 
p 
>-o,I >-o,2 >-o,3 >-o ,4 >-o,s PE 
0.0 2 .23133 4.09539 7.09735 10 .21963 13 .35598 
0.3 2.04351 3.76252 6.94453 10.12466 13 .28760 
0.6 1.78192 3.28881 6.78058 10.02690 13.21813 
0.9 1.28350 2.34871 6.60379 9.92619 13.14754 
0.99 0 .81946 1.39454 6.54795 9.89537 13.12614 
0.999 0.53916 1.05454 6.54229 9.89228 13.12399 
0.9999 0.31298 1.00500 6 .54172 9.89197 13.12378 
Table 1: 5 lowest eigenvalues of non-dimensional frequency parameter as a function of 
the compression force. 
The values /\o,j, j = 1, ... , 5, for PP = 0 have previously been indicated in lecture 9, 
E 
problem 1, eq. (10) . 
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2.15 August 24, 1994 
Duration: 4h 
PROBLEM 1 
Jti
) m 
k 
k 
/ 
/ 
The figure indicates 4 different plane systems made up of springs and masses. The point 
masses all have the magnitude m. and can only move in the vertical direction. All springs 
are linear elastic with the spring constants indicated in the figure, and all springs are 
assumed to be free of damping. The springs are coupled via massless, infinitely stiff 
beams, which have been indicated with a bQld line in the figure. The said beams are 
subjected to such geometrical constrains, that they only can move vertically in the plane 
of the structure in a way that they remain horizontal during the motion. 
Question (20%. f-L = 19.5%) 
Determine the circular eigenfrequency for each of the 4 systems. 
PROBLEM 2 
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The figure shows a plane system made up of springs and masses. The indicated point 
masses all have the magnitude m, and can only move in the vertical direction. All 
springs are linear elastic with the spring constants indicated in the figure, · ·and are 
assumed massless and free of clamping. The springs are coupled via massless, infinitely 
stiff beams, which have been indicated with a bold line in the figure . The said beams 
are subjected to such geometrical constrains, that they only can move vertically in the 
plane of the structure in a way that they remain horizontal during the motion. 
Question (25%. f.L = 13.6%) 
Determine the circular eigenfrequencies and the eigenmodes of the structure. 
PROBLEM 3 
A EI B C D E ) ~Q:=, ==m=5;£.-=::::::::i:' ==:i;•"C:;:=m==~==P , M1 ( t) = M1•0 cos ( C,J t) 
a 
El 
2 
a 
2 a 
The figure shows a horizontal, plane, massless Bernoulli-Euler beam ABC DE of the to-
tal length 3a and with the constant bending stiffness EI. The beam is simply supported 
at the points A and E. At the third points B and D , point masses of magnitude rn are 
attached. At point E an external harmonically varying moment 1VI1 ( t) = M 1 ,o cos(wt) 
is acting with the amplitude 1VI1,0 and the circular frequency w. The sign of the mo-
ment is defined in the figure. The beam is assumed to be infinitely stiff against axial 
deformations, and only small vibrations from the static equilibrium state are considered. 
Question 1 (20%. fl = 13.4%) 
Determine the equations of motion of the masses from the static equilibrium state, and 
formulate an equation for the determination of the dynamic bending moment at point 
C in the middle of the beam. 
Question 2 (10%. f.L = 4.4%) 
Determine the stationary variation with time of the bending moment at point C, when 
the response from possible initial conditions has died away. Besides , the beam is con-
sidered free of clamping. 
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Help: 
The displacements at the points B and D from a unit moment lvfr = 1 at point E is 
4 a2 cl 5 a2 • 1 
- 9 El an - 9 El, respective y. 
PROBLEM 4 
~a 
2 
~a 
2 
The beam in problem 3 is considered again. However, now the mass of the beam is 
assumed to be continuously distributed with the constant mass per unit length f-l = :1 , 
and the point masses at the points B and D are no longer present. The stiffness of the 
beam , the length, the load, as well as the assumptions listed in problem 3 are still valid. 
Question (25%. f-l = 10.9%) 
Determine the stationary variation with time of the bending moment at point C, when 
the response from possible initial conditions has died away. Besides the beam is consid-
ered free of damping. 
Help : 
The dynamic moment is replaced by a force couple consisting of harmonically vary-
ing upward directed force F( t) = M~ 0 cos(wt) at the distance c from point E, and 
a similar downwards directed force F(t) at point E. In the obtained result based on 
this replacement the limit passing c --+ 0 is finally performed . At the calculation of 
the said limit value the following asymptotic result may be useful, sin (j 7r (1 - Y)) 
(-1)j+lj7rf + o((f)2). 
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SOLUTIONS 
PROBLEM 1 
Question 1: 
a) 
b) 
a k / 
c) 
a k / 
/ 
Fig. 1: Equivalent systems. 
All 4 systems have but a single degree of freedom which is selected as the vertical 
displacements of the masses from their static equilibrium state. 
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Initially, the system b i fig. lb is analysed. The 2 springs with the spring constant k 
are parallel. Hence, these can be replaced by a single spring with the spring constant 
k0 = k + k. The spring system is then equivalent to 2 springs in series, each with the 
spring constant 2k. Next, this series system can be replaced by a single spring with the 
spring constant k1 determined from f1 = A + ,A =? k1 = k. Hence, the system b is 
elastically equivalent to the system a. 
The 2 spring systems in parallel below the upper horizontal beam of the system c in fig. 
le are both identical to the spring system b. Since the latter spring systems have been 
shown to be equivalent to a single spring with the spring constant k1 = k, system c is 
elastically equivalent to the 2nd system shown in fig. le, which is recognized as system 
b. Hence, system c is also elastically equivalent to system a. 
The 2 spring systems in parallel below the upper horizontal beam of the system cl in 
fig. ld are both identical to the spring system c. Since the latter spring systems have 
been shown to be equivalent to a single spring with the spring constant k, system cl is 
elastically equivalent to the 2nd system shown in fig. ld, which again is recognized as 
system b. Then system cl is also elastically equivalent to system a. 
Being elastically equivalent the eigenfrequencies of all 4 systems are then identical. The 
circular eigenfrequency of system a becomes, cf. (2-7) 
{k 
wo = y -:;;;_ (1) 
PROBLEM 2 
Question 1: 
The system has 3 degrees of freedom which are selected as the vertical displacements 
x1(t), x2(t) and x3(t) of the masses from the static equilibrium state with signs as 
defined in fig. la. The system is mechanically symmetric around the line I-I as shown 
in fig . la. Hence, the eigenvibrations separate into symmetric and anti-symmetric 
eigenvibrations around the line mentioned. 
For symmetric eigenvibrations x 2 (t) = 1: 3 (t) and x1(t) -j. 0. The 2 parallel sub-systems 
below the upper horizontal beam can then be added together to provide the left of the 2 
equivalent 2 degrees-of-freedom systems shown in figure 1 b. This system can be further 
reduced by replacing the 2 springs with the spring constants 2k and 4k in series by a 
single spring with the spring constant k1 determined from f
1 
= 2
1k + 4\ =? k1 = ~k, cf. 
(2-27). The final equivalent system has been shown as the second system in fig. lb. 
a) 
b) 
c) 
I 
X1 (t)1 ! 
m 
2k 
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k 
~k 
k 
Fig. 1: a) Definition of degrees of freedom. b) Equivalent system for symmetric eigen-
vibrations. c) Equivalent system for anti-symmetric eigenvibrations. 
The circular eigenfrequencies of symmetric eigenvibrations follow from (3-62), usmg 
1n1 = 2m., mz = 1n, k1 = 4k, kz = !k, k3 = 0 
wJ = { t(6- 2J3)! j=1 1.(6 + 2)3)..£ ::::} j=2 3 m 
W j= { 
v t(6- 2J3)/f 
' 
j = 1 
(1) 
vH6 + 2J3)1f 
' 
j=2 
The undamped eigenmodes become 
r
1> (j) 1 
.pUl = f j = 1,2 (2) 
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( .) 
where <I>/ is determined from the 2nd equation of (3-61) 
j =l 
j=2 (3) 
For anti-symmetric eigenvibrations x2(t) = -x3(t) and .:r:1(t) = 0. The upper horizontal 
beam is then at rest under anti-symmetric eigenvibrations, and the motion of each of the 
sub-systems below the beam can be analysed by the equivalent single-degree-of-freedom 
systems shown in fig. le. The circular eigenfrequency of anti-symmetric eigenvibrations 
becomes, cf. (2-7) 
(4) 
The corresponding undamped eigenmode becomes 
~(3) = [ _!] (5) 
a) b) 
2kx1 ~ =2k(x0 -x1 ) 
/\m/\\~ 
,h/VVV'-_ • L~ ~1F3=\2k(x\~ 
~-t 
Xz x3 
... r .. ~ 
\ / m \ / // Xo 
2k 
m 
2k Xz 
X a 
Xz 
2kx2 F2 =2k(x0 -x2 ) 
Fig. 2: a) Definition of degrees of freedom. b) Forces on the free masses. 
The system has three degrees of freedom, which are selected as the displacement of the 
masses from the static equilibrium state with signs as shown in fig. 2a. Besides the 
motion of the infinitely stiff beam is introduced as an artifial degree of freedom x 0 , see 
fig. 2a. The masses and the infinitely stiff beam are cut free from the springs, and the 
spring forces are applied as external forces. Newton's 2nd law of motion for each of the 
three masses then provides 
m~1 = F1 - ~kx1 } 
mx2 = F2- 2kx2 
mx3 = -F3 
(6) 
where F1, F2 and F3 signify the spring forces affecting the infinitely stiff beam. These 
become, see fig. 2b 
(7) 
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The infinitely stiff beam must be in equilibrium, i.e. 
(8) 
Insertion of (7) into (8) provides the following relation for the the auxiliary degree of 
freedom xo 
(9) 
Insertion of (7) and (9) into (6) provides the following equations of motion 
(10) can be written in the following matrix form 
Mx+Kx = o 
2k [ 5 -1 
K =- -1 5 
3 
-1 -1 
(10) 
(11) 
-1] 
-2 
2 
(12) 
Circular eigenfrequencies and undampecl eigenmodes are then determined from the fol-
lowing eigenvalue problem, cf. (3-42) 
[
5- >-1 
-1 
-1 
Further solution of the eigenvalue problem (13) will not be attempted. 
j = 1, 2, 3 (13) 
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PROBLEM 3 
Question 1: 
a 
£ £ 
2 2 a 
f M! ( t)= Ml,O cos ((jJt) 
) static 
equilibrium 
state 
Fig. 1: Definition of signs and loads on the beam. 
The beam is massless. Hence, the systems has but 2 degrees of freedom which are 
selected as the vertical displacements x 1 ( t) and x2 ( t) of the points B and D from the 
static equilibrium state with signs as defined in fig. 1. The dynamic bending moment 
at the mid-point C is designated lVIc(t), and the sign has been defined in fig. 1. Next , 
the inertial loads -nt,x 1(t) and -mx2 (t) are applied as external loads at the points B 
and D according to d'Alembert's principle. The equations of motion for the masses and 
the equation for lVIc(t) then become, cf. (3-1) 
x1(t) = oiM1 lVf1(t) +on(-mxi) +o12(-mx2)} 
x2(t) = 02M1 fVh(t) + 021(-mxi) + 022( -mx2) 
The flexibility coefficients Oij are given as, see (B-1) 
(1) 
(2) 
(3) 
The flexibility coefficients 51 M 1 and 02Jvf1 signify the displacements of the points B and 
D from an external bending moment M 1 = 1 at point E. Using standard static analysis 
techniques these can be found as follows 
(4) 
The coefficients of influence 0Mclvh and 0Mc] signify the bending moment at point 
C from an external bending moment M 1 = 1 at the point E and a unit load acting 
uni-directional to the j th degree of freedom. These are easily found to be 
(5) 
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The equations of motion (1) and equation (2) can then be written 
Mx + Kx = F cos(wt) (6) 
M= [m 0] 0 m (7) 
K=D_ 1 = ~ EI [ 8 -7] ' F=K [Ol!vi1 ] lvh,o = ~ M1,o [ 1] (8) 5 a 3 -7 8 02fvft 5 a -4 
lvfc(t) =- Jv!I ,o cos(wt)- ~m(x1(t) + i2(t)) (9) 
2 2 
Question 2: 
The stationary response of the masses of the system (6) is given as, cf. (3-100), (3-101) 
x(t) = Xcos(wt) (10) 
X= H(w)F (11) 
(12) 
(13) 
x(t) =X cos(wt) is in phase with the excitation, f(t) = F cos(wt), and X is real, because 
the structural system is free of damping. By inserting (8) and (12) into (11) the following 
solution is obtained for the amplitude vector 
X-- 1 [20+a] lv!I,oa2 
- 3(a 2 -16a +15) 25-4a EI (14) 
Upon inserting (10), (14) into (9) the following solution is obtained for the bending 
moment at point C 
1\l!c(t ) = -~lvh ,oDI(w)cos(wt) (15) 
( 45 - 3a) w 2 ma3 6 a 
D1 ( w) = 1 + -3 (-a--'-2 -_-1_6_a_+-'---15-) E I = 1 + 5 -1 -_-a (16) 
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where the frequency parameter a is given by (13). D1 (w) is a dynamic amplification 
factor to the quasi-static bending moment lvfc(t) = -~lvf1 o cos(wt). The circular 
eigenfrequencies of the system are determined from a 2 :___ 16~ + 15 = 0 =?- a 1 = 
1 , a 2 = 15. As seen, D 1 ( w) ------+ ±oo for a ------+ a 1 , whereas D 1 ( w) approaches the 
finite value -t in the 2nd resonance region as a ------+ a2. This is so, because the 2nd 
eigenmode is anti-symmetric around point C. Hence, the modal contribution to the 
bending moment from the 2nd mode is 0. 
PROBLEM 4 
Question 1: 
! M1 ( t)=M1•0 cos (wt) Mc(t) M(x, t) E ~ )~(=f{ ) static y L m ~ equilibrium 
' EI, fL =a: u (x, t) ,cfl(x) state 
A X 
~a 
2 
3a 
~a 
2 
Fig. 1: a) Definition of signs. b) Equivalent representation of the end-section moment 
lvh ( t) in terms of a couple of forces. 
A local ( x, y )-coordinate system is introduced as shown in fig. la. Signs for the vertical 
displacement from the static equilibrium state u(x, t) and the dynamic bending moment 
have also been defined in the figure. 
The idea is to determine the bending moment Mc(t) at the mid-point by means of 
modal decomposition technique. Unfortunately, the evaluation of modal loads from 
end-section moments have not been considered in the course. For this reason the trick 
shown in fig. lb becomes necessary, where the end-section moment is represented by 
a couple of forces of magnitude M~(t) placed at x = 3a - E and x = 3a with signs as 
shown in fig. 1 b. The force at :r = 3a is transferred directly to the support without any 
effect on the dynamics of the beam, and can be disregarded in what follows. 
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The undamped circular eigenfrequencies become, see ( 4-33) 
_E_I_ - J_· 2_7r_2 {EJ_E_I_ j = 1' 2, ... 
t-L(3a) 4 - 9 V-;;;;;:J ' (1) 
The eigenmodes become, see ( 4-31) 
j = 1, 2, .. . (2) 
\iVith the normalization of the eigenmodes as follows from (2) the modal masses become, 
cf. (4-64), (4-65) 
j = 1,2, ... (3) 
The vertical displacement from the static equilibrium state, and the dynamic bending 
moment l\lfc(t) become, cf. (4-52), (4-61) 
00 
u(x, t) = L cpU>(x )qj(t) (4) 
j=l 
( . Loo d2 (J.) (3a) . ) EI L= . )2 (j'lf) ( ) l\lfc t) = -EI-<P - q ·( t = - (j1r sin - q · t dx 2 2 1 9a2 2 1 j=l j=l (5) 
Since the system is free of damping the modal coordinates are obtained as the solution 
of the decoupled differential equations, see ( 4-53) 
.. 2 1 F ( ) q ·+w· a ·= - ·t J ]1.7 ]\If· J 
J 
j = 1,2, ... (6) 
The concentrated load in the negative y-direction at the position x = 3a- E, representing 
the end-section moment l\lfi(t), can formally be written as the following load per unit 
length, cf. ( 4-68) 
(7) 
The modal loads then follow from ( 4-54) and (2) 
. 13a . 13a . ]\If (t) Fj (t) = lim cp(J) (x) .fd(x, t) =- lim sin(j1r!_) 1 o(x- (3a- c))dx = 
e:-+0 0 e:-+O 0 3a E 
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. ( lvf1(t) . (. 3a- t:)) . ( · J7r (t:)) hm - · sm J 1r = hm ( -1 )1 -1\11 ( t) + 0 -1 e:-+0 t: 3a e:-+O 3a 
(8) 
In the derivation of (8) the 1st order Taylor expansion sin(j 1r(l - f)) = sin(j 1r) -
cos(j1r )j 1ry + 0( ( f )2 ) = ( -1 )1+ 1 j1ry + 0 ( ( f )2 ) has been used. With FJ( t) given by (8) 
and use of (3), the stationary solution of (6) becomes 
(9) 
j = 1, 2, ... (10) 
Upon inserting (9) into (5) the stationary dynamic bending moment at the mid-point 
is finally obtained 
(11) 
EI ~ . ? . (j1r) · 2 1 1 D 2 (w) = -2-? L.)J7r)- sm - ( -l)1-(j1r)- ? 2 9a- 2 9 ma w-: - w j=1 J 
4 7r4 EJ Loo ·3( )i::..l 1 
-- -- J -1 2 
1r 81 ma3 j 4w2 - w2 j=l ,3,5 ,... 1 
4 f (-1)¥ J3 = ± f( -lr-1 (2n- 1)3 ? 
7r j 4 _ w~ 7r ( 2n _ 1 )4 _ w-j=1,3,5, .. . W[ n=1 . w~ 
(12) 
where w{ = ;: n~:3 has been used to normalize the circular excitation frequency w. 
Consider the well-known series expansion 
7r 1 1 1 
-=1--+---+ ... 
4 3 5 7 (13) 
From (13) it then follows that D 2 (0) = 1, as expected. Notice that the convergence of 
the series (13) is very slow. So is the convergence of (12) as shown below. 
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Alternatively, the bending moment lvfc(t) can be obtained on closed form by direct 
integration of the partial differential equation for the beam element, without ?-I1Y resort 
to series solutions. The partial differential equation and associated boundary conditions 
become, cf. ( 4- 7) 
Eia4u 82u = 0 
8:c4 + fL 8t2 x E]O, 3a[ 
82 u(O, t) 
u(O, t) = ax 2 = u(3a, t) = 0 (14) 
82 u(3a, t) 
- EI ax 2 = -Jvi1(t) = -Jv£1,0 cos(wt) 
The mechanical boundary condition at x = 3a expresses that the bending moment 
lvi(3a-, t) within the beam must balance the external moment Jvi1(t). The stationary 
displacement field must be harmonic. Since the system is free of damping all mass 
particles must be in phase and in phase with the end-section bending moment M 1 ( t) = 
lvh,o cos(wt). Hence, the stationary displacement field is given on the form 
u(:r, t) = U(x) cos(wt) (15) 
Upon inserting (15) into (14) the real amplitude function U(x) 1s seen to fulfil the 
boundary condition problem 
d4 
EI-14 U(x)-w
2 J.LU(x)=O 
ex 
d2 
U(O) = dx 2 U(O) = U(3a) = 0 
d2 
EI -
1 
? U(3a) = lvf1,o 
c x-
x E]O, 3a[ 
(16) 
The solution of the homogeneous differential equation (16) can be written, cf. ( 4-88), 
(4-89) 
U ( x) = A sin (A ~:) + B cos (A~:) + C sinh (A ~:) + D cosh (A ~1~) (17) 
(18) 
Inserting (17) into the boundary conditions at x = a provides 
(19a) 
( 
/\ ) 2 
- (-B+D) = 0 3a · · (19b) 
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(19a.) a.nd (19b) imply B = D = 0. Then (17) reduces to 
( X) (X) U(x) = Asin .A 3a + Csinh .A 3a (20) 
Upon inserting (20) into the boundary conditions at x = 3a the following linear equa-
tions a.re obtained for the determination of A and C 
A sin .A + C sinh .A = 0 } 
EI ( 3~2)2 (-A sin .A+ C sinh .A) = lvf1,o 
1 9 lvh oa
2 
} 
A = - .A 2 sin .A 2 E I
C = 1 ~ lvh,oa2 
,\ 2 sinh.A 2 EI 
(21) 
(20) ca.n then be written 
U x = ~ .]___ (-sin(/\ 3:) + sinh( A 3xa.)) Jv/1 ,oa2 
(. ) 2 .A 2 sin .A sinh .A E I (22) 
The stationary dynamic bending moment at the mid-point then becomes 
d
2 
( 3a) ) 1 . ) ( ) ]Vfc(t) = -EI dx 2 U 2 cos(wt = - 2lvi1,oD2(w cos wt (23) 
. ( sin ~ sinh ~ ) 1 ( 1 1 ) D?(w) = --- + =- -- + -~
- sin .A sinh .A 2 cos ~ cosh ~ (24) 
In the la.st statement of (24) the trigonometric and hyperbolic identities sin(2x) = 
2sinxcos :r a.nd sinh(2::r) = 2sinhxcoshx ha.ve been applied. (12) is merely a. conver-
gent series expansion of the closed form solution (24) for the dynamic amplification 
factor D2(w ). 
.A D1(w) D2(w) 
0.0000 1.0000 1.0000 
2.0000 1.2365 1.2494 
3.1399(= \/¥-) ±oo 592.88 
3.1416 (= 7r) -558.04 ±oo 
4.0000 -0.9345 -1.0686 
6.2832 (= 27r) -0.2798 -0.4596 
9.4248 ( = 37f) -0.2150 ±oo 
Ta.ble 1: Dynamic amplification factors for the sta.tiona.ry bending moment at the mid-
point for discretizecl a.nd continuous models. 
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In terms of .A as given by (18) the dynamic amplification factor D1 (w) of problem 2 can 
be written 
486 + ..\4 
486- 5..\4 (25) 
(24) and (25) have been evaluated in table 1 for selected values of the frequency param-
eter .A. The discretized model considered in problem 2 is only doing well for excitation 
frequencies below the 1st circular eigenfrequency (A = ..\ 1 = 1r). The discretized model 
predicts the eigenvalue ..\ 1 = \(¥ ~ 3.1399 compared to the exact value ..\ 1 = 1r . 
Number of term N /\ = 2 ..\=4 
2 1.0982 -1 .2207 
4 1.1710 -1.1471 
8 1.2098 -1.1082 
16 1.2296 -1.0885 
32 1.2395 -1.0785 
64 1.2445 -1.0736 
128 1.2469 -1.0711 
256 1.2482 -1.0698 
512 1.2488 -1.069~ 
1024 1.2491 -1.0689 
2048 1.2493 -1.0688 
4096 1.2494 -1.0687 
Table 2: Convergence of series expansion (12) of the dynamic amplification factor. 
The series expansion (12) is truncated at the Nth term. Introducing the frequency 
parameter .A , this can be written 
Dz(w ) = ~ ~(-1t-1 (2n- 1)3 4 
7r ~ ( 2n - 1 )4 - ;4 (26) 
For .A = 2 and .A = 4 the convergence of the series solution (26) as a function of the 
number of terms N has been shown in table 2. The exact solutions are D 2 (.A = 2) = 
1.2494 and Dz (A = 4) = -1.0686, cf. table 1. Obviously, the rate of convergence is very 
slow. 
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2.16 June 28, 1995 
Duration: 4h 
PROBLEM 1 
a 
a 
C D 
xt===c===~m 
"-EI 
f( t) 
B 
A 
ITC 
-EI ~
-EI 
a 
f( t) 
fo ----
t 
l:!.t 
The figure shows a plane frame structure made up of the vertical sub-beams AB and 
BC and the horizontal beam CD. The beams have the length a, the constant bending 
stiffness EI and are all assumed to be massless and free of clamping. At the points 
A and C the structure is simply supported. At point D a point mass m and a linear 
viscous clamping element are attached. The clamping element is acting in the vertical 
direction. 
The structure is at rest at the time t = 0, where it is affected by a horizontal dynamic 
force f(t) at point B given as 
. . { fo L t E [0, ~t] 
.f(t) = ~ . t E]~t, oo[ 
where .fo and ~t are positive constants defined in the figure. The sub-beams are all 
assumed to be infinitely stiff against axial deformations, and only small vibrations from 
the static equilibrium state are considered. 
Question 1 (20%. 11 = 14.4%) 
Formulate the equation of motion of point D. 
Help: 
A horizontal unit force at point B causes a vertical displacement at point D equal to 
3 i ~~, and a vertical unit force at point D causes a vertical displacement at point D of 
. a 3 
magmtude El. 
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Question 2 (10%. 1-L = 5.7%) 
Solve the equation of motion formulated in question 1. 
Help: 
1t h(t - T )j( T )dT 
fo (min(t,6t) ( ) ( ( . ) ())) 
--? + h t- min(t, 6t) - h(t) + 2(w0 H t- mm(t, 6t) - H t 6tw0 m 
where .f(t) is the load shown in the figure, and h(t) and H(t) are given as 
{ 
-
1
-e-(wot sin(wdt) 
h(t) = mwd 
0 
PROBLEM 2 
f( t) 
A EI, J-L B ~ 2EI, 2J-L C EI,J-L 
~ I I 
X 
r-----
a a a 
D 
t ~ 0 
t < 0 
~ 
The figure shows a horizontal plane Bernoulli-Euler beam A.BCD. The sub-beams A.B 
and CD both have the length a, the constant bending stiffness EI and the constant 
mass per unit length 1-L· The sub-beam BC also has the length a. However, the bending 
stiffness is 2EI, and the mass per unit length is 2~t. The beam is simply supported at 
the points A. and D. 
The beam is loaded by a vertical dynamic load j(t) at point B. The beam is assumed 
to be infinitely stiff against axial deformations, and only small vertical vibrations from 
the static equilibrium state are considered. 
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Question 1 (20%. f-L = 3.3%) 
Determine a 2 degrees-of-freedom model for the system, as defined by the mass matrix , 
the stiffness matrix and the load vector, by the use of the following shape functions 
q> (l)(x) =sin ( 7r ~'l:a) 
<I>( 2)(x) =sin ( 2Ir ~?:a) 
where x denotes a coordinate measured from point A along the beam. 
Help: 
j b . 2 (k )d b- a sin(2kirb) - sin(2kira) Slll "Ir ~ ~ = -- - _ __:___.....:.._ _ '----"-
a 2 4kir 
hvor a and b are real constants and k is an integer. 
Question 2 (15%. f-L = 5.2%) 
Determine the unclampecl circular eigenfrequencies and the unclampecl mode shapes of 
the 2 degrees-of-freedom system formulated in question 1. 
PROBLEM 3 
e 
The figure shows a horizontal, plane, linear elastic Bernoulli-Euler beam of the length 
l. The beam is assumed to be free of clamping and has the constant bending stiffness 
EI and the constant mass per unit length p. The beam is supported against vertical 
clisplacements at the points A and B. At point A a linear elastic rotational spring 
with the spring constant 14 ~I is attached. At point B a distributed mass is placed 
with the mass moment of inertia J = 2
1
4 pl3 around the neutral axis of the beam AB. 
Besides, a linear elastic rotational spring with the spring constant 6 ~I is attached. 
The beam is assumed to be infinitely stiff against axial deformations, and only small 
vertical vibrations from the static equilibrium state are considered. The influence on 
the dynamic response from possible axial forces is ignored. 
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Question 1 (20%. p, = 13.2%) 
Formulate the frequency condition for the determination of the undamped circular eigen-
frequencies of the beam. Numerical solution of the frequency condition is not required. 
F 
A EI,f.L B 
E 
e 
_.,-EJ== 
f.L e 2 
Next, consider the plane frame structure shown in the figure, made up of the linear 
elastic Bernoulli-Euler beams A.B, A.C, A.D, BE and the infinitely stiff beam BF. 
Beam A.B has the length l, the constant bending stiffness EI and the constant mass per 
unit length p,. The beams A.C, A.D and BE are all assumed to be massless (p, = 0), and 
all have the same length ~ and the same constant bending stiffness EI. The infinitely 
stiff beam BF (EI = oo) also has the length ~ and the constant mass per unit length 
p,. The structure is fixed at point C and simply supported at the points B, D and E. 
All beams are assumed to be infinitely stiff against axial deformations, and only small 
vibrations of the beam elements in the transverse direction from the static equilibrium 
state are considered. 
Question 2 (15%. p, = 8.5%) 
Formulate the frequency condition for the determination of the undamped circular eigen-
frequencies of the beam. 
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SOLUTIONS 
PROBLEM 1 
Question 1: 
rstatic 
: equilibrium 
1 state ·· · 
1 1 -mx2-cx2 le D m r static 
\..EI ---- equilibrium 
state 
a x 2 (t) 
B 
a 
-EI 
A 
a 
Fig. 1: Forces on the free structure. 
The frame ABCD is ma.ssless a.nd infinitely stiff against axial elonga.tions. Hence, the 
system ha.s but a. single degree of freedom which is selected a.s the vertical displacement 
1: 2 (t) of the point ma.ss from the sta.tica.l equilibrium state with sign a.s defined in fig. 
1. Further, an artificial degree of freedom x 1 ( t) is introduced indicating the horizontal 
displacement from the static equilibrium state of the point B, where the indirectly 
acting force f(t) is applied, cf. (2-160). The bea.m is cut free from the damper, a.nd 
the damper force cx 2 ( t) is applied a.s a.n external loa.d with sign a.s defined in fig. 1. 
Further, the inertia.lloa.d - miz ( t) is applied a.s a.n external dynamic loa.d acting on the 
ma.ss according to d'Alembert's principle. The equation of motion for the ma.ss reads 
(1) 
The flexibility coefficients a.re given a.s 
1 a3 a 2 
821 = -4 EI ' 822 = EI (2) 
Insertion (2) into ( 1) provides the following equation of motion for the vertical displa.ce-
ments of point D 
m(o< 2 + 2(woi2 + w~x,) = ~~ f(t)} (
3
) 
:-rz( O) = i:2(0) = 0 
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where the circular eigenfrequency w0 and the damping ratio ( are given as 
(4) 
c {;;;3 (=--=c 
2w0 m 4Eim 
(5) 
The initial values x2 (0) = x2(0) = 0 shown in (3) follow, since the structure is at rest 
at the statical equilibrium state at the time t = 0. 
Question 2: 
Because of the initial conditions x2(0) = x2(0) = 0, the response is given by Duhamel's 
integral,cf. (2-121) 
where h(t) is the impulse response function given by (2-110) 
{ 
-
1
-e-(wot sin(wdt) 
h(t) = mwd 
0 
t ;:: 0 
t < 0 
From the results allocated to the problem it then follows that 
1 fo 
x2(t) = ---·-? · 
46tw0 
(
min(t, 6t) . ( . . ) ) 
rn + h(t- mm(t, 6t)) - h(t) + 2(w0 H(t- mm(t, 6t))- H(t) 
where 
(6) 
(7) 
(8) 
Wrf = wo)1- (2 (10) 
'-'-'d is the damped circular eigenfrequency, cf. (2-49). 
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PROBLEM 2 
Question 1: 
a) f( t) 
B i 2EI,2f.L C A EI, f.L EI,f.L D 
~ I I ~ Lx.t) X ~
a a a 
b) 
Fig. 1: a) Structural system. b) Sinusoidal shape functions. 
For the structural system shown in fig. la the sinusoidal shape functions shown in fig. 
1 b will be used. This means that the displacement field u ( x, t) is assumed on the form 
(1) 
The following equation of motion is obtained for the generalized coordinates x 1 (t), a;2 (t), 
cf. (5-59), (5-60), (5-61) 
Mx+ Kx = f(t) (2) 
1~12] 'f(t) = [!I (t) l 
J\.22 h(t) (3) 
( 4a) 
( 4b) 
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(4c) 
. d- <l> · X 7r . ~ X 
1
3a ( ~ (1)( ))2 413a 
l\u= 
0 
EI(x) dx 2 dx=( 3a) 0 
EI(x)sm-(7r 3a)dx= 
G:J 3aEI (1' oin'(w<)d( + 2 h} 'in'(w()d(+ l oin'(•()d() = 
- 3aEI -+-( 7r )4 (2 ~) 3a 3 47r (5a) 
~ ? 13a ( ~)- (27r)- EI(x)sin (7r-=-) sin (21r_:_) dx = 0 3a. 3a 0 3a 3a (5b) 
(5c) 
(4b) and (5b) follow since sin (1r 3xJ, f.L(x), EI(;r) are symmetric, and sin (21r 3xJ is 
anti-symmetric around the midpoint of the beam at x = 32a. The evaluation of (5a) and 
( 5c) follows from the corresponding results ( 4a) and ( 4c), because f.L ( x) and E I ( x) are 
identically distributed, i. e. f.L( x) is proportional to EI(x). 
The concentrated load at B( x = a) can formally be written as the following dynamic 
load per unit length, cf. (4-68) 
.fd(x, t) = f(t)8(x- a) (6) 
The load vector components then become, cf. (5-44) 
1
3a 13a ~ 
fdt) = <I>(I)(x)fd(x, t)dx = sin (7r-=-) f(t)6(x- a)dx = sin~ f(t) = ~ f(t) 
0 0 3a 3 2 
(7a) 
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13a r3a ( ) 2 ,;3- -h(t) = a il>(2 )(x)fd(x, t)dx = Jo sin 27r 3xa f(t)c5(x- a)dx =sin 37r f(t) = 2 J(t) (7b) 
The results can be assembled into the following matrix results 
f(t) = ~ [ ~] .f(t) (8) 
Question 2: 
The cil-cular eigenfr·equencies Wj and the eigenmodes <J>UI = [ :!:;] are obtained a.s 
non-trivial solutions to the homogeneous linear equations, cf. (3-42) 
[ <I>~j)l = [0] <I>(J) 0 
2 
where 
w 2 = (!!_) 4 EI 
0 3a. f-l 
The circular eigenfrequencies and the eigenmodes become 
W2 _ J·4w2 _ j- 0-
q.(2) = 
j = 1, 2 
(9) 
(10) 
(11) 
(12) 
As seen the mass matrix and the stiffness matrix are diagonal. Hence, the selected 
generalized coordinates are also the undamped modal coordinates of the discretized 
system. 
The circular frequencies (11) are identical to those of a simply supported beam of 
the length 3a. and with constant bending stiffness EI and mass per unit length fl, cf. 
(4-33). This is because the eigenfrequencies are mainly depending on the fraction ~~~)) 
which is constant, rather than on the absolute values of EI(x) and J-L( x). Notice that 
this result is only approximately true. The exact solution for the undamped circular 
eigenfrequencies to the considered system will be slightly different from the result (11 ). 
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PROBLEM 3 
Question 1: 
e 
Fig. 1: Beam with constant bending stiffness and mass per unit length. 
A local ( x, y )-coordinate system is defined for the beam element as shown in fig. 1. The 
beam has constant bending stiffness EI, constant mass per unit length fl, and the axial 
force in the statical equilibrium state is N = 0. Hence, the eigenmodes are given by 
( 4-18) ' ( 4-19) . 
<P ( x) = A sin (AT) + B cos (AT) + C sinh (AT) + D cosh (Ay) (1) 
(2) 
The boundary conditions at point A(x = 0) and point B(x = l) become, see (4-13) 
<P(O) = 0 (3) 
d<P(O) 
= To dx 
14 d<P(O) 
----
l dx 
(4) 
<P(l) = 0 (5) 
(6) 
The geometrical boundary conditions (3) and (5) state that the displacement is zero at 
all times at x = 0 and x = l. The mechanical boundary conditions (4) and (6) state 
that the bending moment at point A must balance the moment in the rotational spring 
and the bending moment at pont B must balance the moment in the rotational spring 
and the d'Alembert moment on the distributed mass. In the last statement of (6) w 2 
has been eliminated in favour of A4 by (2). 
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(3) implies 
(7) 
Then (1) reduces to 
<P ( :r) = A sin (A T) + B (cos (AT) - cosh (AT) ) + C sinh (AT) (8) 
Inserting (4), (5) and (6) into (8) the following homogeneous equations are obtained for 
the determination of A, B and C 
A2 14 A 
- 2rB = -z T(A +c) 
sin AA + (cos A - cosh A) B + sinh A C = 0 
(
/\) 2 l (-sinAA- (cos/\+cosh/\)B+sinhAC) = 
- ~ (6- ;4 A4 ) ~(cosAA- (sinA+sinhA)B+coshAC) 
[ ~~::g~ ~~::g~ ~~::g~J [~J = r~J Ka1(A) K32(A) liaa(A) C ,_0 (9) 
K 11 (A) = 7 (9a) 
(9b) 
(9c) 
(9d) 
(9e) 
K23(A) = sinh A (9f) 
(9g) 
(9h) 
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(9i) 
Non-trivial solutions A # 0 V B # 0 V C # 0 are obtained if the determinant of (9) is 
0. This may be evaluated, and the resulting frequency condition reduced by means of 
trigonometric and hyperbolic identities. The 6 lowest eigenvalues become 
3.58185 j = 1 
4.85229 j = 2 
7.57677 j=3 
Aj = 
10.60931 j=4 (10) 
13.68753 j = 5 
16.784 70 j=6 
The corresponding circular undamped eigenfrequencies follow from (2) 
12.830 ["!!r 
' 
j = 1 
23 .545 ["!!r 
' 
j=2 
w=A'tl= 57.409 ["!!r ' j=3 (11) J J 4 112.557 ["!!r fl j=4 
' 
187.348 ["!!r 
' 
.i = 5 
281.726 ["!!r 
' 
j = 6 
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Question 2: 
A EI, J.L 
e 
Fig. 2: Plane frame structure. 
F 
E 
.,rEJ=oo 
j.L e 2 
The beams AD and AC are both massless. Hence, these beams merely act as rota-
tional springs against the vertical displacement of the beam AB. Taking the boundary 
conditions at the points C and D into consideration the equivalent rotational spring 
constants of the beams become TAD = 3 ~~ = 6 ~I and r AC = 4 ~~ = 8 ~I, respectively. 
The effect of both beams is then equivalent to that of a linear elastic rotational spring 
with the constant 7' o = 6 ~I + 8 ~I = 14 ~I. 
Beam BE is massless and is then equivalent to a linear elastic rotational spring with the 
spring constant r 1 = 3 ~~ = 6 ~I. Beam BF is infinitely stiff. The dynamic influence 
on the vertical vibrations of beam AB is then equivalent to that of a distributed mass 
with mass moment of inertia of h = t p, ( ~) 3 = 214 p,l3 . 
Hence, the eigenfrequencies of the structure can be analysed by the equivalent system 
described in question 1, and the lowest 6 eigenfrequencies are given by (11). 
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2.17 June 21, 1996 
Duration: 4h 
PROBLEM 1 
E 
EI = oo,J..L 
e 
EI, f.L =0 EI, J..L =0 
B 
A c 
EI, f.L =0 e 
D 
e e 
The figure shows a plane frame structure made up of the horizontal sub-beams AB 
and BC and the vertical sub-beams BC and BD. All sub-beams have the length l. 
Beams AB, BC and BD are massless Bernoulli-Euler beams with the constant bending 
stiffness EI. The structure is fixed at the points A, C and D. Beam BE is infinitely 
stiff and has the mass per unit length 1-l· The sub-beams are all assumed to be infinitely 
stiff against axial deformations, and only small vibrations in the plane of the structure 
are considered. 
Question 1 (15%. 1-l = 6.6%) 
Determine the circular eigenfrequency of the structure. 
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PROBLEM 2 
m 
e 
EI, p, =0 EI, p, =0 
m 
e 4 EI, p, =0 4EI, p, =0 
The figure shows a plane two-storey frame structure. Both of the storey beams have 
the total mass 1n, and are assumed to be infinitely stiff against axial as well as bending 
deformations. The columns are massless Bernoulli-Euler beams of the length l , and are 
assumed to be infinitely stiff against axial deformations. The columns between the 1st 
and 2nd storey beam have the constant bending stiffness EI, and the columns between 
the support points and the 1st storey beam have the constant bending stiffness 4EI. 
The lower columns are simply supported at the ground surface. Only small vibrations 
in the plane of the structure are considered .. 
Question 1 (20%. {l = 14.8%) 
Determine the unclampecl circular eigenfrequencies and eigenmocles of the structure. 
Question 2 (15%. !£ = 7.2%) 
The structure is assumed to be linear viscous clamped. Calculate the clamping matrix C , 
when the modal clamping ratios have been measured to ( 1 = 1% and ( 2 = 2%, and modal 
clecoupling can be assumed, argued by the well separated circular eigenfrequencies. 
PROBLEM 3 
A B 
~f:::====EI,=/1 ===j~ 
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The figure shows a horizontal, plane Bernoulli-Euler beam of the length l, free of damp-
ing and with the constant bending stiffness EI and the constant mass per unit length 
f-L· The beam is fixed at the points A and B and is assumed to be infinitely stiff against 
axial deformations. Only small vertical vibrations from the static equilibrium state is 
considered, and the influence from a possible axial force on the response is ignored. 
Question ( 15%. J-L = 11.0%) 
Formulate the frequency condition for the determination of the undamped circular eigen-
frequencies of the beam. Numerical solution of the frequency condition is not required. 
PROBLEM 4 
I f(t) =f0 cos6Jt 
A t B 
~I====EI,=J.L ====~ 
ie 
2e 
The figure shows the same plane Bernoulli-Euler beam as considered in problem 3. 
However, now the beam is loaded by a vertical harmonically varying force with the 
amplitude .fo and the circular frequency w, acting at the quarter point from point A. 
The bending stiffness, the mass per unit length and the length of the beam, as well as 
the assumptions listed in problem 3 are still valid. 
Question] (20%. Jl =2.1%) 
Formulate a finite element model of the beam using consistent mass matrices, based 
on a division of the beam in 2 sub-beam elements. The global mass matrix, the global 
stiffness matrix and the global load vector are requested. Next, calculate the undamped 
circular eigenfrequencies and eigenmodes of the discrete model and make a sketch of 
the eigenmodes. 
Question 2 (15%. J-L = 3.8%) 
Determine the stationary response of the discretized system from the harmonically vary-
ing force, as the response from possible initial values has died away. 
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SOLUTIONS 
PROBLEM 1 
a) b) 
e 
EI, f.L 
EI, f.L 
e e 
EI, f.L 
e e 
Fig. 1: a) Definition of degree of freedom. b) Equivalent system. 
EI = oo, f.L 
EI 
r=12T 
The system has a single degree of freedom, which is selected as the rotation B( t) of 
point B with the sign as defined in fig. l a . Because the beams AB, BC and DB are 
massless they merely act as linear elastic rotational springs with the spring constant 
4 ~I. The system may then be analysed by the equivalent system shown in fig. lb with 
the rotational spring constant given by 
EI EI 
T = 3 ·4- = 12-[ l 
The mass moment of inertia of beam BE around point B is given as 
1 J = - f-Ll3 
3 
The equation of motion then reads 
Je +re= 0 =? 
e + w5e = 0 
where the circular eigenfrequency w0 is given as, cf. (2-7) 
wo ={I =6/!t 
(1) 
(2) 
(4) 
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PROBLEM 2 
Question 1: 
021 021 
m 
x2 
-
-l'-------f 
I 
I 
EI EI I I 
I 
I 
I 
m 
x1 1 I 
-
~ 
011 012 
4EI 4EI 
a) b) 
Fig. 1: Two-storey frame structure. a) Definition of degrees of freedom. b) Deformation 
of frame from unit forces at x1 and xz . 
The structure has two degrees of freedom x 1 (t) and x 2 (t), which are selected as the 
horizontal displacements of the 1st and 2nd storey beams from the static equilibrium 
state, see fig. la. The equations of motion then read, cf. (3-11) 
x1(t) = 5u(- mi1) + 812( -1ni2)} 
xz(t) = 821 (- n~i1) + 822 (- mi2) (1) 
The flexibility coefficients and the flexibility matrix become, cf. Example 3-1 in the 
textbook 
~] (2) 
The equations of motion can then be written as 
Mx+Kx = o (3) 
where 
x( t) = [ x 1 ( t) ] 
:rz ( t) 
_ 1 EI [ 2 K=D =24[3 _ 1 ( 4) ~ -
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Undamped circular eigenfrequencies and eigenmodes can then be determined from the 
eigenvalue problem, cf. (3-42) 
[ 
2- >.1 
-1 
-1 ] [ «<> (j) ] [ 0] 
1 - ). j «<>tj) = 0 
The characteristic equation becomes 
>. j - 3>.1 + 1 = 0 =? 
j = 1 
j=2 
{ 
J12(3- vs)/l£ , 
Wj = J12(3 + vs)/l£ , 
j = 1 
j = 2 
The eigenmodes are normalized as follows 
j = 1,2 
The component at the 1st storey «<>~j) is determined from the 2nd equation in (5) 
{ 
1 (vs- 1) (j) 2 
«!> 1 = 1- >.1 = 
I 
I 
I 
I 
I 
I t (V5 -1 )--{__ 
1 
~(VS+l) 
j =1 
j = 1 
j=2 
Fig. 2: Eigenmodes of two-storey frame structure. 
j =2 
(5) 
(6) 
(7) 
(8) 
(9) 
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Question 2: 
The damping matrix can be represented by the following Rayleigh damping- model, cf. 
( 3-284) ' ( 4) 
[1 0] a1EI[ 2 C=aoM+a1 K=aom 0 1 +24-[3- _ 1 (10) 
where the expansion coefficients a0 and a1 are calibrated from the linear equations, cf_ 
(3-287), (7) 
PROBLEM 3 
The beam has constant bending stiffnes EI, constant mass per unit length f-l and the 
axial force in the static equilibrium state N = 0. Hence, the eigenmode is given by 
( 4-18)' ( 4-1 g) 
<l>(x) = A sin (A ;l) + B cos (A ;l) + C sinh (A ;l) + D cosh (A ;l) 
A 4 = f-LW2 (2!)4 
EI 
(1) 
(2) 
where :r is a coordinate along the beam measured from A. The boundary conditions 
(all geometrical) become 
. d . d . 
<l>(O) = -<l>(O) = <I>(2l) = -<l>(2l) = 0 dx · dx (3) 
The boundary conditions at :r = 0 provideD= -Band C =-A, cf. (4-37), leading to 
the following reduced expression for the eigenmode 
(4) 
Next , ( 4) is inserted into the boundary conditions at x = 21, leading the following 
homogenous linear equations 
[ 
sin /\ - sinh A 
cos A- cosh A 
cos /\ - cosh A l [ A l [ 0 l 
- sin /\ - sinh A B - 0 (5) 
a) 
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The frequency condition then becomes 
( sin A - sinh A) ( - sin A - sinh A) - ( cos /\ - cosh A) ( cos /\ - cosh A) = 0 · · =? 
- sin2 /\ + sinh2 A- cos2 A- cosh2 A+ 2 cos/\ cosh A = 0 =? 
cos A cosh A - 1 = 0 ( 6) 
T he two lowest solutions of (6) and the corresponding circular eigenfrequencies as ob-
tained from (2) become 
{ 4.7300407 j = 1 A - =? 
J - 7.8532046 j=2 
{ ~ l j = 1 5.593321 Wj = 15.418206~ (7) l j = 2 
PROBLEM 4 
Question 1: 
A c B b) 
e.f El, J-L El, 1-L e8+ q,f El, 1-L q,y q,f El, J-L ec~ ----0- ----®--- ----0- ----®---
UA uc UB ql q3 ql 
e e e 
Fig. 1: Division of beam into two sub-beams. a) Definition of structural data and global 
degrees of freedom . b) Definition of local degrees of freedom . 
An artificial node is introduced at the middle of the beam. Global degrees of freedom for 
the two sub-beams have been defined in fig. la. Global and local coordinate systems are 
eo-directional. The element stiffness and consistent mass matrices in global coordinates 
are identical for both elements . Below, these as well as the element load vectors have 
been indicated 
12 6l I -12 6l 
EI 6[ 4[2 I -6l 2[2 rK,,ll I K,,12
1 Kj=r 
-- --t-- ---
--+-- j = 1,2 (1) 
- 12 -6l I 12 -6[ Kf.12 I Kj,22 
6l 2[2 I -6l 4[2 
e 
q,y 
q3 
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156 22l I 54 -13l 
M· -.£i__ 
22l 4[2 I 13l - 3[2 r M,,ll I M,,I, l 
----+---- --+-- j = 1,2 (2) J - 420 
54 13l I 156 - 22! Mf12 I Mj,22 
-13l - 3[2 1-22! 4[2 
N2(x) 4 0 
I N3(x) 
- ( l) f(t) l 0 F1(t) = 1 --- b x- 2 f( t )dx = - 8- F2(t) = (3) Ns(:r) 4 0 
N6(x) - l 0 
F 1(t) follows from (5-44) with the shape function Nj(x) given by (5-35) . At the eval-
uation of the integral the concentrated force at x = ~ has formally been written in 
terms of an equivalent distributed load per uni t length by means of the indicated Dirac 
delta funct ion , cf. ( 4-68) . Alternatively, the nodal forces F 1 ( t) from the concentrated 
force can be indicated directly from well-known standard results from FEM theory for 
plane structures. Next, the global stiffness matrix, global mass matrix and global load 
vector with no cor rect ion for geometrical boundaries, Ko, Mo and F 0 (t) are assembled 
according to the topology of the system 
Kl,ll I K 1,12 I 0 
- -+--- - -t--
Ko = K[12 I K1,22 + K2,11 I K2,12 
--+----+---
0 I Kf, 12 I K2,22 
M1,11 I M1,12 I 0 
---t------r---
Mo = M[12 I M1,22 + M2 ,11 1 M2,12 
---+-----~--
0 I Mf,r 2 I M2,22 
Introducing the global boundary conditions eA 
following equation of motion, cf. (5-29) 
Fo(t) = f(t) 
8 
4 
l 
4 
-l 
0 
0 
(4) 
(5) 
u B = 0 leads to t he 
Mq + Kq = f(t) (6) 
q(t) = [ ~~:~~j l K = K1 ,22 + K2 ,11 = ~/ [ 2~ 8 z~ l (7) 
M = M1,22 + M2,11 = ~~ [ 3 1 ~ Sl~] f(t) = 1 [ -~ ] f o cos(wt) (8) 
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It is seen that the global mass matrix and the stiffness matrices are both diagonal. 
Hence, uc(t) and Bc(t) may be interpreted as undamped modal coordin_ates. The 
undamped circular eigenfrequencies become 
2 24 420 EI } 
wl = · 312 JL1 4 
w2 _ 8 . 420 EI ::::} 1 - 8 JLl 4 
{ 
1420 ill= 5.683986 rii V 13 V JLz4 V JLz4 
Wj = V420f!k = 20.493902f!k 
j = 1 
(8) 
j=2 
As expected the numerically calculated circular eigenfrequencies are upper bounds to 
the analytical solutions as given by eq. (7) of problem 3, cf. the comments subsequent 
to (5-28). The eigenmodes become 
~(2) = [ n (9) 
The eigenmodes have been sketched below in fig. 2. 
A c B A c B 
j =1 j=2 
Fig. 2: Undamped eigenmodes of two-element model. 
Question 2: 
The system is free of damping, which means that the response and the excitation will be 
in phase. The stationary rnotion of the structure is then given as, cf. (3-100), (3-101) 
q(t) = Q cos(wt) (10) 
Q = H( ) fo [ 4] = [EI [ 24 
w 8 -l l3 0 
0] _ f-llW 2 [ 312 
8l2 420 0 
(11) 
2.18 August 26, 1996 
Duration: 4h 
PROBLEM 1 (25%. f-L = 8.4%) 
A EI 
Xk 
a 
3 
a 
3 
a 
3 
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The figure shows a plane linear elastic horizontal massless Bernoulli-Euler beam ABC DE, 
free of damping, with the constant bending stiffness and the total length a. The beam is 
simply supported at the points A and D. At the 3rd point B a point mass m is attached. 
At the other 3rd point C a linear viscous damping element with the damping constant c 
and a linear elastic spring with the spring constant k are attached, which both are acting 
in the vertical direction. Besides, a vertical dynamic force f( t) = a cos( w1 t) + b sin( w2 t ), 
where a and b are real constants, is acting at point C. The beam is assumed to be 
infinitely stiff against axial deformations, and only small vibrations from the static 
equilibrium state are considered. 
Question 1 (5%) 
Formulate the equations of motion for the vertical displacements of the points B and 
C. 
Question 2 (10%) 
Determine the stationary motion of point B from the load f( t), if it is assumed that 
the response from possible initial conditions has died away. 
Question 3 (10%) 
Determine the stationary dynamic bending moment lvf(t) at point B from the load f(t), 
if it is assumed that the response from possible initial conditions has died away. The 
sign of the bending moment has been defined in the figure. 
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PROBLEM 2 (25%. 1-L = 17.5%) 
A B 
~F========::::;~6m, J=-}ma2 
a 
The figure shows a plane, horizontal, massless , linear elastic Bernoulli-Euler beam with 
the constant bending stiffness EI and the length a. The beam is fixed at point A., 
and at point B a distributed mass of magnitude 6m and with the mass moment of 
inertia J = ~ma2 is placed. The beam is assumed to be infinitely stiff against axial 
deformations, and only small vibrations from the static equilibrium state are considered. 
Question 1 (5%) 
Determine the mass matrix and the stiffness matrix of the system. 
Question 2 (10%) 
Determine the unclamped circular eigenfrequencies and eigenmodes of the system. 
Question 3 (10%) 
The structure is assumed to be linearly visco,}-lS clamped. Calculate the damping matrix 
C, when the modal clamping ratios have been measured to ( 1 = 1% and (z = 2%, and 
modal clecoupling can be assumed, argued by the well separated circular eigenfrequen-
Cies. 
PROBLEM 3 
A B 
~ EI,p, = ra ~ 
~=========~ 6m, J=-}ma2 
2a 
The figure shows a horizontal, plane Bernoulli-Euler of the length 2a, free of damping 
and with the constant bending stiffness EI and the constant mass per unit length 
1-L = ~n . The beam is fixed at the point A., and at point B a distributed mass of 
_a 
magnitude 6m and with the mass moment of inertia J = ~rna2 is placed. The beam is 
assumed to be infinitely stiff against axial deformations. Only small vertical vibrations 
from the static equilibrium state is considered, and the influence from a possible axial 
force on the response is ignored. 
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Question (20%. f-l = 16.5%) 
Formulate the frequency condition for the determination of the undamped circ.ular eigen-
frequencies of the beam. Numerical solution of the frequency condition is not required. 
PROBLEM 4 
a 
EI,J.L 
a EI,J.L 
A 
The figure shows the same plane frame structure made up of the vertical beam AB and 
the horizontal beam BC. Both of the beam elements are linear elastic Bernoulli-Euler 
beams free of damping, with the constant bending stiffness EI, the constant mass per 
unit length f-l and the length a. Beam AB is fixed at point A and beam BC is fixed at 
point B. Both sub-beams are assumed to be infinitely stiff against axial deformations, 
and only small vibrations in the plane of the structure are considered. 
Question (30%. f-l = 18.7%) 
Formulate a finite element model with two beam elements of the structure using the 
two sub-beams as elements, and determine the undamped circular eigenfrequency of the 
structure. 
SOLUTIONS 
PROBLEM 1 
Question 1: 
a 
3 
a 
3 
C 
1
r-kx 2-cx2 
t static 
1 =f\D --- equilibrium 
1 ~ state 
fx 2 (t) 
a 
3 
Fig. 1: Forces on a free beam. 
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The beam is massless. Hence, the system has but a single degree of freedom, which 
is selected as the vertical displacement x1 ( t) of point B from the static equilibrium 
state with the sign defined in fig. 1. Besides, an auxiliary degree of freedom. x·2 for the 
vertical displacement of point C from the static equilibrium state is introduced. The 
beam is cut free from the damper and the spring, and the damper force cx2(t) and the 
spring force kx 2 (t) are applied as external forces at point C with the signs defined in 
fig. 1 along with the external force f(t). Further, the inertial force -mx1(t) is applied 
as external force according to d'Alembert's principle. The equation of motion for the 
vertical motion of the points B and C then reads, cf. (3-1) 
x1(t) = 5n(-mxi) + 812(f(t)- cx2- kx2)} 
x2(t) = 821( -rnxi) + 822(f(t)- cx2 - kx2) 
The flexibility matrix is given as, cf. (B-1) 
The equations of motion can then be written 
M :X + ex + Kx = f( t) 
x( t) = [ x 1 ( t) ] 
x2(t) 
K = 162 EI [ 8 7] 
5 a 3 -7 8 + K f(t)=[~]f(t) 
5 a 3 k 
K=--
162 EI 
Question 2: 
(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
Since, cos(w1 t) = Re( exp( iw1 t)) and sin(w2t) = Re( - i exp( iw2t)), the load vector can 
be written 
f(t) = Re (Fletwlt + F2etw2t) } 
F 1 =a [ ~] F 2 = -ib [ ~] (7) 
The stationary response then becomes, cf. ( 3-108) , ( 3-109) 
(8) 
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X1 = [~1 ·:] = H(wi)F1 = H2(wl)a 
1,-
x2 = [ ~~:~] = H(w2)F2 = - iH2(w2)b 
(9) 
where H 2 (w) signifies the second column of the frequency response matrix, cf. remarks 
subsequent to (3-104). H2(w) is given as, cf. (3-102) 
5 a3 [8-.\ -7]-1 [0] 5 a 3 1 [ 7] 
H 2 (w) = 162 EI -7 8 + 1-L + i1 1 = 162 EI D 8- .\ 
Question 3: 
5 cwa3 
I = 162 EI 
The bending moment at point B is given as 
(10) 
(11) 
(12) 
The coefficients of influence bM1 and 5M2 for the bending moment from static unit forces 
at .T 1 and :r 2 are given as 
(13) 
The stationary bending moment is made up of a sum of harmonic contributions with 
the circular frequencies w1 and w2 similar to the the displacement response (8), i.e. 
(14) 
Insertion of (7), (8), (9), (13) into (12) provides the following solution for the complex 
amplitudes lvh and lvh of the harmonic components of lvf(t) 
lvf1 = ~l(rnw 2X1 , 1 ) + ~l(a- (icw + k)X1 ,2) } 
lvh = ~l(mw2X2,1) + ~l(- ib- (icw + k)X2,2) 
(15) 
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PROBLEM 2 
Question 1: 
A B /6m, J= tma2 ~~=========!~ static ~ ~~~ x2(t) equilibrium 
f x
1 
( t) state 
a 
Fig. 1: Definition of degrees of freedom. 
The beam is massless. Hence, the system has two degrees of freedom, which are selected 
as the vertical displacement x1 (t) and the rotation xz(t) of point Bin clock-wise direc-
tion from the static equilibrium state with the signs defined in fig. 1. The equations of 
motion for undamped eigenvibrations can then be written, cf. (5-61) 
Mx+Kx=O 
1 [ 12 0 ] M= 2rn 0 a2 
Question 2: 
K= EI [ 12 -6~] 
a3 -6a 4a-
(1) 
(2) 
The undamped circular eigenfrequencies and eigenmodes are obtained as non-trivial 
solutions to the linear eigenvalue problem, cf. (3-42) 
The characteristic equation becomes 
H5- J2I) 
t(5 + J2I) 
j = 1 
j=2 
j = 1 
j=2 
(3) 
(4) 
(5) 
(6) 
The eigenmodes are normalized as follows 
<P(j) = [ <I>t] 
The displacement component <I>~j) is determined from the 2nd equation in (3) 
<I>(j) = ~ (2-). )a= { 112 (3 + J2i)a 
1 3 1 / 2 ( 3 - J21) a 
I 3+V2I a 12 
j = 1 
j=2 
Fig. 2: Eigenmodes of two degrees-of-freedom system. 
Question 3: 
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(8) 
(9) 
The damping matrix can be represented by the following Rayleigh damping model, cf. 
(3-284), (2) 
rn [ 12 C = ao M + a1 K = ao-2 0 
0] EI [ 12 +a1-
a2 a3 -6a 
-6a] 
4a2 
(10) 
where the expansion coefficients a0 and a1 are calibrated from the linear equations, cf. 
(3-287), (6) 
a.o 2wl w2 w2 -wl (I 5 - ma 
[ 
( (1 - s-(21 (2) v3] 
= " 1 1 =2 1+- ::::} [a, l wJ- w; k, J [(,] V ffi ((,_>=Pi(,) [iir 
~ (( 5- V2f ) [ 12 0 ] ( 5- V2f ) [ 12 -6a]) /n:Ei c = V l T "721 (I - 2 (2 0 a.2 + (2 - 2 (1 -6a. 4a.2 V ~(11) 
PROBLEM 3 
The beam has constant bending stiffnes EI, constant mass per unit length f-l = :;;_ and 
the axial force in the static equilibrium state N = 0. Hence, the eigenmode is given by 
( 4-18) ' ( 4-19) 
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<I>( x) = A sin (>. _::_) + B cos (>. _::_) + C sinh (>. _::_) + D cosh (>. _::_) 
2a 2a 2a 2a 
(1) 
4 f.-LW
2 (2a)4 mw2 a3 
,\ = EI = 8 EI (2) 
where x is a coordinate along the beam measured from A. The boundary conditions 
become, cf. (4-13) 
<1>(0) = d~T <1>(0) = 0 
d2 J d 1 mw 2 a3 d 1 d 
-<I>(2a) = w 2 --<l>(2a) = -8 -<I>(2a) = -,\4 -<I>(2a) (3) 
ch: 2 EI dx 16a EI d:r 16a dx 
3 2 3 d . ? 6rn . 3 mw a 3 4 . dx3 <l>(2a) = -w- EI<l>(2a) =- 4a3 8 EI <I>(2a) =- 4a3 ,\ <l>(2a) 
where w 2 has been eliminated in favour of ,\4 by means of (2). The boundary conditions 
at x = 0 provideD= -B and C = -A, cf. (4-37), leading to the following reduced 
expression for the eigenmode 
<I> ( x) = A ( sin ( ,\ ~:l ) -sinh ( ,\ ~Ta) ) + B ( cos ( ,\ 2xa ) - cosh (A 2xa ) ) (4) 
Next, ( 4) is inserted into the boundary conditions at point B at x = 2a, leading to the 
following homogeneous linear equations 
[ 
-:
2
(sin.\+sinh.\)- ~;1 (cos.\-cosh.\) -:2 (cos.\+cosh.\)+ ~4;(sin.\+sinh.\)l [A]= [0] (S) 
- '~ (cos.\+ cosh.\)+ ~(sin.\- sinh .\) '~ (sin.\- sinh .\) + 3 ~ (cos.\- cosh.\) B 0 
The frequency condition is obtained from setting the determinant of the coefficient 
matrix equal to zero. Although it will not be attempted here, the resulting equation 
can be reduced significantly by use of trigonometric and hyperbolic identities. The 
lowest 4 solutions of the frequency conditions become 
. - 2.347782 
{ 
0.823614 
,\ J - 4.837720 
j = 1 
j=2 
j=3 
j=4 
Wj = 
7.890459 
0.23933y'g ' j = 1 
1. 94882 !EI3 ]. = 2 v~ , 
8.27440r;g ' j = 3 
22.01201 rEI; ' _j = 4 v~ 
(6) 
(7) 
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Use of consistent mass matrix for the continuous part of the beam AB with f-L = ;: and 
l = 2a results in the following mass global mass and stiffness matrices with t?.~ degrees 
of freedom defined in fig. 5.5 in the textbook, cf. (5-60), (5-61) 
M_ ..2II:._ [ 156 
- 420 -44a 
K = EI [ 12 
8a3 -12a 
-44a] +m [12 
16a2 2 0 
-12a] 
16a2 
0 ] m [ 2676 
a2 = 420 -44a 
The circular eigenfrequencies of the indicated discrete system become 
w.i = { 0.23983~ 
1.95332~ 
j = 1 
j=2 
(8) 
(9) 
As expected (9) represents upper bounds to the corresponding analytical results. How-
ever, the approximation is pretty good in this because the distributed mass of the beam 
element is relatively small compared to the discrete contribution at the end of the beam. 
PROBLEM 4 
a) a b) 
B EI,f-L c 
ea---®--- q2 
El,f-L 
+ s~ 
EI,f-L ) 
a 
--{])-- ~ q 
q3 4 
A a 
Fig. 1: Finite element model with two beam elements. a) Definition of global degree 
of freedom and structural data. b) Definition of element local degrees of freedom of 
element j. 
The continuous system is modelled by two finite elements identical to the beam elements 
AB and BC, respectively. Because of the geometrical boundary conditions at the points 
A and C and because the beams have been assumed to be infinitely stiff against axial 
deformations, the discrete system has but a single global degree of freedom, which is 
selected as the rotation f) B of point B. The local degrees of freedom of the two elements 
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with identical mechanical properties have been indicated in fig. 1 b. The corresponding 
element stiffness matrices and consistent mass matrices in local coordinates become, cf. 
(5-42), (5-43) 
r 12 6a -12 6a 1 E I 6a 4a2 -6a 2a2 j = 1,2 (1) kj = a3 -12 
-6a 12 -6a 
6a 2a2 -6a 4a2 
r 156 22a 54 -13a1 
. _ p,a 22a 4a2 13a -3a2 j = 1,2 (2) 
mJ - 420 54 13a 156 -22a 
-13a -3a2 - 22a 4a2 
Because of the geometrical constraints only the elements k 1 ,44 and k 2 ,22 of the local 
stiffness matrices for the elements 1 and 2 will affect the elastic restoring of node B. 
Similarly, only the elements 1?&1,44 and k2,22 of the local mass matrices will affect the 
inertial moment loading of node B . The global equation of motion then becomes 
rnBs + kBs = 0 (3) 
2 EI ?EI EI k = kl,44 + k2 22 = 4a - 3 + 4a- - 3 = 8-, a a a (4) 
2 J.La 2 J.La 2 3 
1n = 1n 1 44 + 171.? ?? = 4a - + 4a - = - 1-w 
' - ,-- 420 420 105 (5) 
The circular eigenfrequency then follows from (2-7) 
(6) 
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2.19 June 19, 1997 
Duration: 4h 
PROBLEM 1 
a 
a a 
The figure shows a plane truss, where the nodes A, B and C are placed on the sarne 
horizontal line. All bars have the length a and are assumed to be linearly elastic with the 
constant axial stiffness AE, where A is the cross-sectional area and E is the elasticity 
modulus. Besides, the bars are assumed to be massless and free of damping. The 
structure is simply supported at the points A and B. At point C a point mass 1n and 
a linearly viscous damper with the damping constant c are attached. The damping 
element is only active against vertical motions of point C. 
The structure is excited by a vertical harmonically varying motion y(t) = y0 cos(wt) 
with the amplitude Yo and the circular frequency w of the support at point B. The 
support at point A and the support of the viscous damping element at point C are both 
assumed to be fixed . Only small motions from the static equilibrium state in the plane 
of the structure are considered. 
Question 1 (20%. p = 9.8%) 
Formulate the equations of motion for the mass at point C. 
Question 2 (15%. fl = 7.3%) 
Determine the undamped circular eigenfrequencies and eigenmodes, and the modal 
damping ratios of the structure. 
Question 3 (10%. p = 4.9%) 
Determine the motion of point C from the static equilibrium state, after the excitation 
has been acting for infinitely long so the response from possible initial values has died 
away. 
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Help: 
A vertical force V in the downward direction at point C causes a vertical displacement 
of point C in the same direction of magnitude 16
1 ~i, and a horizontal displa:cement of 
point C to the right of the magnitude 4 ~i. A horizontal force H at point C causes 
a horizontal displacement of point C in the same direction of magnitude ~~. 
PROBLEM 2 
/F (t) =Fa sin(cut) 
Mc(t) 1 Mc(t) 
P AQ=======~=! C ( El,f.-L ~ 
e 
2 
e 
2 
B p 
~ 
The figure shows a plane horizontal, rectilinear Bernoulli-Euler beam AC B of the length 
l, with the constant bending stiffness EI, with the constant mass per unit length f-l and 
free from damping. The beam is simply supported at the points A and B. In the static 
equilibrium state the beam is loaded with a compressive axial force P as shown in the 
figure. Additionally, the beam is loaded at the midpoint C by a vertical harmonically 
varying concentrated force F(t) = Fa sin(wt)_ with the amplitude Fa and the circular 
frequency w. The beam is assumed to be infinitely stiff against axial deformations, and 
only small vertical vibrations from the static equilibrium state are considered. 
Question (25%. f-l = 12.7%) 
Determine the time-variation of the bending moment at point C in the stationary state, 
where the response from possible initial conditions has died away. 
PROBLEM 3 
~~---E_I_,J-L ______ ~~----4-E_£_2_1-L ____ ~~ 
A B c 
e e 
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The figure shows a plane, horizontal, rectilinear beam structure made up of the Bernoulli-
Euler beams AB and BC. Both sub-beams have the length l, and are free of_damping. 
Beam A.B has the constant bending stiffness EI and the constant mass per unit length 
f-1, and beam BC has the constant bending stiffness 4EI and the constant mass per unit 
length 2f-1. The structure is fixed at the points A and C. The beams are infinitely stiff 
against axial deformations, and only small vertical vibrations from the static equilib-
rium state are considered. Additionally, the influence from possible axial forces on the 
dynamic response is ignored. 
Question 1 (20%. 1-1 = 10.1%) 
Formulate a finite element model with two beam elements of the structure using two 
sub-beams as elements by calculating the global stiffness matrix and global consistent 
mass matrix with due consideration to the geometric boundary conditions. 
Question 2 (10%. 1-1 = 2.9%) 
Use the formulated finitie element model to estimate the two lowest undamped circular 
eigenfrequencies of the structure. 
SOLUTIONS 
PROBLEM 1 
Question 1: 
a a 
Fig. 1: Definition of degrees of freedom. Forces on mass. 
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Since all bars are assumed to be massless and free of damping, the system has but 2 
dynamic degrees of freedom which are selected as the vertical displacement x 1 ( t) and the 
horizontal displacements 1: 2 ( t) of point C from the statical equilibrium state. These are 
made up of quasi-static components xi0)(t) and x~0 )(t) caused by the stiff-body motion 
of the structure from the motion of the support at point B and dynamic components 
from the inertial loads and the clamping load at point C. The quasi-static motion can 
be written 
(1) 
The structure is cut free from the damper, and the damper force cx 1 ( t) is applied as 
an external force with a sign as defined in fig. 1. Further, the inertial loads -mi1 (t) 
a.ncl -mi2 (t) are applied in accordance with cl'Alembert's principle. The equations of 
motion then read, cf. (3-328) 
x 1 (t) = xi0 )(t) + 8n(-rnxl- ci:I) + Oiz(-miz) 
xz(t) = x~0 )(t) + Ozl( -mi 1- ci:I) + Ozz( -miz) 
(2) 
The flexibility coefficients are given immediately after the problem test. The flexibility 
matrix becomes 
~] (3) 
The equations of motion for the displacement of point C can then be written in the 
standard form as 
M :X + Cx + Kx = f0 cos wt 
x(t) = [1:I(t)l 
xz( t) M= [m 0] 0 Tl?, 
K = D _1 = AE 2 [ 6 
a 21 -vs -vis] 11 
Question 2: 
(4) 
(5) 
[
<I?(j)l Uncla.mped circular eigenfrequencies and eigenmocles q_;(j) = <I?~j) become, cf. (3-42) 
(7) 
The characteristic equation then becomes 
j = 1 
j =2 
j=1 
j=2 
The eigenmodes are normalized as follows 
The first component <Pij) is determined from the first equation of (7) as follows 
j = 1 
j=2 
The modal damping ratios become, cf. (3-182), (3-183) 
1¥ ~ { 0.6317430~ ' 
AP·]- 12Aj + 39) V~= 0.0424461~ 
where (8), (9) and (12) have been used. 
j = 1 
j = 2 
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(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
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Question 3: 
The stationary response of (4) becomes, see (3-100), (3-101) 
x( t) = Re(Xeiwt) 
X= H(w)fo 
(14) 
(15) 
where f0 is given by (16) and the frequency response matrix H(w) is given by, cf. (3-102), 
H ( w) = (K - w 2 M + iw C) - 1 = 2 1 a [ 
11 AE - mw 2 + iwc 
2vf3 AE 
-21 7 
2vf3 AE l-1 - 1 -a-
22 AE _ rnw2 
21 a 
1 
[ 
22 AE _ 7?7,W2 
21 a 
D 2vl3 AE 
21 a 
2~ AaE l 
11 AE - mw 2 + iwc 21 a 
12 AE ? . 22 AE ? 2y'3 AE 
( ) 
2 
D = (- - - rnw- + zwc) (- - - n~w-) - - -21 a 21 a 21 a 
The amplitude vector (15) is written in the form 
The displacement response (14) can then be written 
(16) 
(17) 
(18) 
(19) 
The amplitudes IXil and phases '1/Ji are determined, equating (15) and (18). In doing 
this it thoulcl be noticed that the determinant D is complex. 
PROBLEM 2 
e 
2 
Fig. 1: Definition of system. 
B p /Static 
~ ---'---- equilibrium 
'77777; state 
The undamped circular eigenfrequencies become, see ( 4-32, ( 4-33), ( 4-34) 
Wj = w;,oJl-
1
, pp , 
r E 
· 2 2 {Ei 
Wj,O = J 7r V ;F 
The eigenmodes become, see ( 4-31) 
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(1) 
(2) 
With the normalization of the eigenmodes as follows from (2), the modal masses become, 
cf. (4-64), (4-65) 
j = 1,2, ... (3) 
The vertical displacement u( x, t) eo-directional to the y-axis is given by the following 
modal expansion, cf. (4-52) 
(X) 
u(:r, t) = L cpU>(:r)q1(t) (4) 
j=l 
Because the system is free of damping, the 111odal coordinates are obtained as solutions 
to the decoupled differential equations, see ( 4-53) 
j = 1,2, ... (5) 
The dynamic load can formally be written as the equivalent load per unit length, cf. 
( 4-68) 
.fd(x, t) = 0 ( x- ~) F(t) (6) 
The modal loads then follow from ( 4-54) and ( 2) 
Fj(t) = 11 if>(j)( :r).fd(x, t) = cp(j) (~) F(t) =sin ( 1;) F0 sinwt , j = 1, 2, ... (7) 
\i\Tith Fj(i) given by (7) and use of (3) the stationary solution of (5) becomes 
(8) 
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. (2!!_) 2 Slll 2 Q j ( w) = -l 2 ? Fa 11 w1 -w-
j = 1,2, ... (9) 
Inserting (8) into ( 4) the stationary dynamic displacement field can next be determined. 
With the sign as defined in fig. 1, the stationary dynamic bending moment at the 
midpoint finally becomes, see ( 4-4) 
lvfc(t) = -EJ8
82
2·u (i,t) =lvfc,a(w)sin(wt) X 2 (10) 
00 d? ( l) 00 ( . ) 2 ( . ) 2 . ( j"Tr) - . J 7r J 7r Slll 2 lvfca(w) = -EI'"' -<I>(J) - Q (w) = EI'"' - sin -. - ? Fa= 
' ~ dx 2 2 1 L...t l 2 11! w-: - w 2 j=l j=l J 
(11) 
8 ~ (2n -1? 
7r 2 0 (2n - 1 )4 - (2n - 1 )2 ..E... - ";2 
n-l · PE w 1 , 0 
(12) 
where sin2 ( i;J-) = !(1- ( -1)1) has been inserted and w1 ,a = 1r2 ~has been used to 
normalize the circular excitation frequency w. tFal is the quasi-static moment at point 
C in the special case of PP = 0. Hence, D( ~, 0) is a dynamic amplification factor for 
E Wl 0 
a case of no axial force, and one would expect D(O, 0) = 1. Actually, this follows from 
(12) by application of the series 
y e 2 
~ F ( t) =~Fa sin(wt) 
C' p 
Fig. 2: Equivalent system for analysis of symmetric vibrations. 
(13) 
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Alternatively, the stationary displacement field and the stationary bending moment field 
can be obtained by direct integration of the partial differential equation for the beam 
element, without any resort to series solutions, which follows from the modal-expansion 
technique_ The geometrical and physical symmetry of the structure around point C is 
utilized_ In the centre line the slope and the shear force is zero. Hence, the beam can 
be analysed by the equivalent system shown in fig. 2. Half of the force is attached to 
equivalent system as sketched in fig. 1. The partial differential equation and associated 
boundary conditions with N = -P become, cf. (4-11) 
34 tL 32u 32u J l [ 
EI 3x4 + p 3x2 + fl [)t2 = 0 :r E 0, 2 
.0 ) _ 3
2u(O, t) _ ou(f , t) _ O 
u( , t - 0 ? - ~ -x- ux (14) 
83 u ( t , t) au a , t) 1 . . 
- EI 
0 3 
- P 
0
- = -F0 sm(wt) 
:r x 2 
Using au1t,t) = 0 the boundary condition for the shear force reduces to 
33ua, t) Fa . ( ) 
---'-"---- = - -- sm wt 
3x3 2EI · (15) 
The stationary displacement field must be harmonic because the system is linear. Since 
the system is free of damping, all mass particles must be in phase and in phase with 
the excitation. Hence, the stationary displacement field is given on the form 
u(x, t) = U(x) sin(wt) (16) 
Inserting (16) into (14) and (15) the real amplitude function U(x) is seen to fulfil the 
boundary problem 
(17) 
The complementary solution of (17) can be written, cf. ( 4-18) and ( 4-19) 
U(x) = A sin (/\ T) + B cos ( T) + C sinh (vy) + D cosh (vy) (18) 
where A , B, C, D are integration constants to be determined, and A 2 and v2 are the 
positive roots of the quadratic equations 
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(19) 
Inserting (18) into the boundary conditions of (17) at x = 0 provides 
(20) 
Since A2 + z; 2 i- 0, (20) implies B = D = 0. Hence, (18) reduces to 
U ( :r) = A sin ( /\ T) + C sinh ( v ~) (21) 
Insertion of (21) into the boundary conditions of (17) at x = f provides 
A /\ V V 
A- cos - + C- cosh - = 0 l 2 l 2 
( )
3 A A v 3 v Fo 
-A - cos - + C (-) cosh - = - --l 2 l 2 2EI 
F0 l3 1 
2EI(z;2 + A2 ) A cos~ A= 
C = _ F0 l 3 1 
2EI(v2 + AZ) v cosh~ 
F0 l3 (sin (A-T) [ l(x) = A 
· 2EI(z;2 + A2) A cos 2 
_ sinh (uf)) 
v cosh~ (22) 
1Vfc(t) is still given by (1 0). 1Vfc,o(w) can now be written 
d2 ( l ) F0 l ( A z;) 1 . . JVfc,o(w)=-EI-d 2 U :- = ( 2 \ 2 ) Atan-:-+vtanh- =-F0 l·D(A,v)(23) x 2 2v+/ 2 2 4 
2 ( A z;) D(A , v) = ? ).2 A tan-+ v tanh-
v- + 2 2 (24) 
Since A = A ( w, ;, ) and v = v ( w, ;, ) according to (19), (12) is merely a convergent 
series espansion of the closed form solution (24) for the dynamic amplification factor. 
PROBLEM 3 
The solution of the problem has been included as example 5-3 in the textbook, and will 
not be reiterated here. 
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2.20 June 22, 1998 
Duration: 4h 
PROBLEM 1 
m 
a 
El, Glt =~El 
c 
The figure shows a space frame structure consisting of beams AB, BC og BD, which 
all are placed at same horizontal level. The beams BC and CD are placed end to end 
along the same line othogonally to beam AB. All beams have the length a, and are 
assumed to be massless and infinitely stiff against axial deformations. Beam AB has 
the constant bending stiffness EI against vertical bending deformations and St. Venant 
torsional stiffness Git = tEI against axial rotations. The beams BC and BD both 
have the constant bending stiffness t EI against vertical bending deformations. Beam 
AB is fixed at point A. At the free ends C and D and at the node B point masses 
of magnitude m, m og 2m, respectively, are attached. Even though it has not been 
indicated in the figure it is assumed that the said masses have been supported in such 
a way that they can only move in the vertical direction. Only small vertical vibrations 
from the static equilibrium state are considered, and possible warping deformations of 
beam AB are ignored. 
Question 1 (20%. f-L = 6.7%) 
Determine the undamped circular eigenfrequencies and eigenmodes of the structure. 
Question 2 (10%. f-L = 1.1%) 
Use the symmetry of the structure to formulate equivalent systems of 2 and 1 degrees of 
freedom for the analysis of symmetric and antisymmetric eigenvibrations, respectively. 
The mass- and stiffness matrices of the reduced systems are requested. 
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Help: 
-x3 + 20x2 - 88x + 56 = 0 has the roots x = { ~ ~ ~ 
14 
PROBLEM 2 
El, J.L B rEf=oo, J.L =0 
t !2/11?211111111~ 
u(x,t) , 
a a 
The figure shows a plane horizontal beam structure consisting of the sub-beams AB 
and BC, both of the length a. Both beams are assumed to be infinitely stiff against 
axial deformations, and are free of damping. Beam AB is a Bernoulli-Euler beam with 
constant bending stiffness EI and constant mass per unit length f.L· Beam BC is assumed 
to be massless (J..L = 0) and infinitely stiff against bending deformations (EI = oo ). The 
structure is simply supported at the points A and C. Only small vertical vibrations 
from the static equilibrium state are considered. 
Question 1 (10%. ~l = 2.6%) 
The motion of the elastic sub-beam AB is denoted u(x, t), where xis a coordinate along 
the beam axis measured from A, and t is the time. Show that the following boundary 
conditions are valid at the endsection at point B adjacent to the infinitely stiff beam 
BC 
a2 I a3 I a :2 u(x, t) = -a a 3 u(x, t) 
J x =a X x=a 
Question 2 (20%. f.L = 10.0%) 
Formulate the condition for the determination of the undamped circular eigenfrequencies 
of the considered structural system. Numerical solution is not requested of the frequency 
condition. 
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PROBLEM 3 
X4( El,f.-L )x5 
-x2 
El,f.-L -........_ /El,f.-L a 
x3( El, f.-L )Xs 
-xl 
El,f.-L -........_ / El,f.-L 
a 
77 '177. 77 7;77; 
a 
The figure shows a plane 2-storey frame structure. All beams in the structure are 
Bernoulli-Euler beams with the constant bending stiffness EI and the constant mass 
per unit length f-L. Additionally, all beams are assumed to be infinitely stiff against axial 
deformations. Both columns in the lower storey are fixed at the ground surface. Only 
small vibrations in the plane of the structure are considered, and the influence from 
axial forces on the dynamic response is ignored. 
Question 1 (15%. p = 4.6%) 
Using the global degrees of freedom, show that the global consistent mass matrix and 
global stiffness matrix of the structure are given as 
1044 108 0 -13a -13a 0 
108 732 13a - 22a -22a 13a 
M= pa 0 13a 12a 2 -3a2 0 -3a2 
420 -13a -22a -3a 2 8a2 -3a2 0 
-13a -22a 0 -3a2 8a2 -3a2 
0 13a -3a2 0 -3a2 12a2 
48 -24 0 6a 6a 0 
-24 24 -6a -6a -6a -6a 
K = E I 0 -6a 12a 2 2a2 0 2a2 
a3 6a -6a 2a2 8a2 2a2 0 
6a -6a 0 2a2 8a2 2a2 
0 -6a 2a2 0 2a2 12a2 
The question is considered to be answered if the general principle for the calculation of 
the m atrices is explained, and this is illustrated by working out the calculation of the 
elements M11 and R-11-
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Question 2 (15%. f-L = 7.4%) 
Perform a Guyan system reduction of the described system, using the storey -displace-
ments :z: 1 (t) and x 2 (t) as master degrees of freedom. Both the mass matrix and the 
stiffness matrix of the reduced system are requested. 
Question 3 (10%. f-L = 5.0%) 
Determine an approximate value of the fundamental circular eigenfrequency by use of 
Rayleigh 's fraction , using the static deflection of the structure from a unit horizontal 
force at the topstorey as shape function. 
Help: 
The following matrix inverses may be useful at the solution of the problem 
[ 12a
2 2a2 0 
2a
2r [ 43 -12 5 
-81 EI 2a2 8a2 2a2 0 a -12 67 -18 5 
a3 0 2a2 8a2 2a2 - 476EI 5 -18 67 -12 
2a2 0 2a2 12a2 -8 5 -12 43 
532a2 700a2 294a 42a 42a 294a 
700a2 1610a2 630a 420a 420a 630a 
K-1 = _1 _ _!!__ 294a 630a 1083 -81 249 93 
9240 EI 42a 420a -81 1497 -153 249 
42a 420a 249 -153 1497 -81 
294a 630a 93 249 -81 1083 
SOLUTIONS 
PROBLEM 1 
Question 1: 
The solution of problem 1, question 1 has been included in the textbook as example 
3-7, and will not be reiterated here. 
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Question 2: 
a) 1 b) lE! m 2 El 1 Glt m 2 
xJC ~2-a c 
a xl Xs 
Fig. 1: Equivalent reduced systems. a) Antisymmetric eigenvibrations. b) Symmetric 
eigenvibrations 
The system is geometrically and mechanically symmetric around a plane through beam 
AB and orthogonal to the plane of the structure. Then the eigenvibrations are either 
antisymmetric or symmetric around this plane. 
In the case of antisymmetric eigenvibrations the point B will not move, and the com-
bined beam CBD must have an inflection point at B. These conditions are equivalent 
to a. simple support at point B. The bending stiffness of the beam AB is not activated, 
and the torsional stiffness of beam AB of magnitude G It/ a is shared with one half to 
each of the beams BC and BD. Hence, the effect of the beam AB on the equivalent 
system can be equivalized by a rotational spring of the stiffness ~ G It/ a as shown in 
fig. la. Antisymmetric eigenvibrations may then be analysed by the equivalent system 
shown in fig. la. 
The equivalent system has a single degree of freedom x1 (t ). The mass is equal to 1n. 
The flexibility coefficient becomes 
The spring stiffness of the system becomes 
k _ 1 _ 3 EI 
- 811 - 14 a3 
(1) 
(2) 
The circular eigenfrequency of the antisymmetric (torsional) eigenvibration then follows 
from (2-7) 
(3) 
In the case of symmetric eigenvibrations, the slope and the shear force of the beam 
CBD at point B must be zero. This is equivalent to a movable restraint in the midst 
of the mass 2m. at point B. The torsional stiffness of the beam AB is not activated, 
and the bending stiffness of magnitude 3EI I a3 is shared with one half to each of the 
beams BC and BD. Hence, the effect of the beam AB on the equivalent system can be 
equivalized by a translational spring of stiffness ~3EI I a 3 as shown in fig. lb. Symmetri~~ 
eigenvibrations may then be analysed by the equivalent system shown in fig. 1 b. 
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The equivalent system has two degrees of freedom x 1 (t) and x 3 (t). Only half of the 
mass at point B is shared by the equivalent system. The mass matrix is then given as 
The flexibility coefficients become 
From these the following flexibility- and stiffness matrices are obtained 
813]=~~[2 1] 833 3 EI 1 1 K = D_ 1 = ~ EI [ 1 -1] 2 a 3 -1 2 
The eigenvalue problem (3-42) may be written in the following form 
[1- ,\k -1 ] [<I>~k ) ] _ [0] 
-1 2- Ak <I>~kl - 0 
The characteristic equation becomes 
{ H3- J5) k=2 
/\ k = ~ ( 3 + J5) ::::} k=3 
Wk = { 
J~(3- J5){l!; k=2 
J }_ ( 3 + J5) {l!; k=3 4 nta 3 
The eigenmodes are normalized as follows 
,\ - ~ ma3 2 
k- 3 EI wk 
The first equation in (7) is used for the determination of <I>~k) 
(2) - [ 1 ] 
<I> - ~(J5-1) (3) - [ 1 ] <I> - -~(J5+1) 
k = 2,3 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(lOt 
261 
PROBLEM 2 
Question 1: 
a) b) 
~~ ///.~x,t) ~(a,t)* 
ax 
a a a a 
Fig. 1: Boundary conditions at the end-section of the elastic beam AB at point B. a) 
Geometrical boundary condition. b) Mechanical boundary condition. 
With the sign defined in fig. la, the rotation of the elastic beam at the boundary 
section at point B is given as - :x u( a, t). Since the beam BC is infinitely stiff and 
small deformations have been assumed, this rotation must be equal to u(:,t), see fig. 
la. This leads to the following geometrical boundary condition 
a 
-a ax u(a, t) = u(a, t) (1) 
The elastic beam AB is cut free from the infinitely stiff beam BC and the shear force 
Q(a , t), and the bending moment M( a, t) is applied with the sign defined in fig. lb. Since 
the beam BC is massless and hence free of inertial loads, these stress resultants must 
be in equilibrium with the reaction force at point C. Moment equilibrium formulated 
at point C provides the following relation 
Q(x, t)a = -lVI(x, t) (2) 
The constitutive equation of Bernoulli-Euler beams ( 4-4) and the statical condition ( 4-2) 
gives the conditions 
a2 } J\!J( :r, t) = -EI ax 2 u(:1:, t) 
a a3 Q(x, t) = -a lVI(x, t) = -EI -a 3 u(x, t) X X 
(3) 
Insertion of (3) into (2) then provides the following mechanical boundary condition 
a3 a2 
-a a .3 u(a, t) =-a 2u(a, t) 
X X 
(4) 
Question 2: 
The eigenvibrations u(.T, t) are searched for on the form (4-12) 
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u(:r,t) = <I>(x)cos(wt) (5) 
If ( 5) is inserted into the boundary conditions ( 1) and ( 4), the following conditions on 
the amplitude function <I>( x) are obtained 
d 
-a-<I>(a) = <I>(a) , 
dx 
(6) 
The differential equation for the amplitude function and the boundary conditions at 
x = 0 are given by ( 4-13). Introducing the non-dimensional coordinate ~ = ! the 
following eigenvalue problem is obtained 
Geometrical boundary conditions: 
<I>(O) = 0 , :~ <I>(1) + <I>(1) = 0 (7) 
Mechanical boundary conditions: 
cz2 de <I>(o) = o , 
The solution of (7) reads, cf. ( 4-18) 
<I>( 0 = A sin( A~) + B cos( A~) + C sinh( AO + D cosh( AO (8) 
The boundary conditions <I>(O) = ;;2 <I>(O) = 0 at ~ = 0 imply that B = D = 0, cf. 
(4-24). The following solution along with its first three derivatives are then obtained 
<I>(O =A sin(AO + C sinh(AO 
d d~ <I>(O = /\(A cos( AO + C cosh(AO) 
dd;2 <I>( 0 = /\ 2 ( - A sin(AO + C sinh(AO) 
:;3 <I>(O = A3 (-A cos(AO + C cosh(AO) 
(9) 
Introduction of the boundary conditions at E = 1 ( x = a) leads to the following system 
of homogeneous equations 
[ sin A + /\ cos A sinh A + A cosh A l [A l [ 0 l 
- sin /\ - /\ cos /\ sinh A + A cosh A C - 0 (10) 
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Non-trivial solutions are only obtained if the determinant of the coefficient matrix of 
(10) is zero, which leads to the frequency condition 
2 ( sinh A + A cosh A) ( sin A + A cos A) = 0 =? 
sin A + A cos A = 0 =? 
tan A+ A= 0 (11) 
The first three solutions to ( 11 ), as well as the corresponding circular eigenfrequencies 
w j as determined :from ( 4-42), become 
Ai ~ { 2.028757 j = 1 4.913180 j=2 ::} (12) 
7.978666 j=3 
4.115855$ J.LU 4 j = 1 
Wj = 24.13934$ j=2 (13) 
63.65912$ j=3 
PROBLEM 3 
Question 1: 
a) x4( El, J.L JXs b) u4( Ua 
x;-® 
El, J.L-.....____ 0 ® / El, J.L a tUo a 
Xa( El, J.L JXa U2( 
~CD 
El, J.L-.....____ @ ® /El, J.L a 
a 
Fig. 1: a) Numbering of beam elements, definition of local coordinate systems and of 
global degrees of freedom. b) Definition of local degrees of freedom. 
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Numbering of the beam elements, orientation of the beam elements as well as the 
definition of the global degrees of freedom are shown in fig. la. The de~~ition of 
the local degrees of freedom is shown in fig. lb. Each element only has 4 degrees of 
freedom because the beam element has been assumed to be infinitely stiff against axial 
deformations. The stiff-body motion of the element in the axial direction is related to 
the mass f-W, which has to be added in the diagonal matrix of the global mass matrix 
corresponding to the position of the global degrees of freedom x1 and Xz. The element 
mass- and stiffness matrices corresponding to the indicated local degrees of freedom 
become, cf. (5-42) and (5-43) 
m·- f.La [ ~~~ 
! - 420 54 
-13a 
a 
22a 
4a2 
13a 
-3a2 
a 
a 
El 
,k;=3 
a [ 
12 
6a 
-12 
6a 
V=12 El 
a3 
Fig. 2: Restoring force in .1: 1-direction from x 1 = 1. 
6a -12 
4a 2 -6a 
-6a 12 
2a2 -6a 
6a] 2a2 
-6a 
4a2 
i = 1, ... ,6(1) 
Next, the global stiffness matrix is assembled using the standard procedure of the finite 
element method (or the deformation method) upon summing up the global stiffness 
contributions at each degree of freedom. For x 1 = 1 the restoring force in the same 
degree of freedom becomes , cf. example 3-2 in the textbook 
. EI EI 
Rn = 4·12- = 48-
a3 a3 
(2) 
The global mass matrix is assembled in the same way as the global stiffness matrix with 
the components of K and M pair-wise related as indicated by the element matrices (1). 
Additionally, the mass f-La needs to be added for the elements lvf11 and lvfz 2 to account 
for the inertial load due to the stiff-body motion of the 1st and 2nd storey beams as 
explained above. ]1/[11 then becomes 
156 1044 
lvf11 = 4 · -f-La + f-La = --f-La 420 420 (3) 
Question 2: 
The mass- and stiffness matrices are partitioned into the following form 
1044 108 I 0 -13a -13a 0 
108 732 I 13a -22a -22a 13a 
-----t--------
M= f-LCL 
420 
0 13a I 12a2 -3a2 0 
-13a -22a I -3a2 
-13a -22a I 0 
0 13a I -3a2 0 
48 -24 I 0 6a 6a 0 
I 
-24 24 -6a -6a -6a -6a 
----1--------
0 -6a I 12a2 2a2 0 2a2 
6a -6a I 2a2 8a2 2a2 0 
6a -6a I 0 2a2 8a2 2a2 
0 -6a I 2a2 0 2a2 12a2 
The reduced mass matrix then becomes cf. (3-274) 
f-LCL [ 1044 108] 
Mu = 420 108 732 
The reduced stiffness matrix becomes, cf. (3-274) 
- _ 1 r 42 EI [ 115 -50] 
Ku = Ku - Kl2K22 Kl2 = 119 a3 -50 38 
0 
As a help, the inverse matrix Kz-l has been given subsequent to the problem text. 
Question 3: 
265 
(4) 
(5) 
(6) 
(7) 
A unit horizontal force is applied at the top storey (i.e. in the degree of freedom x 2 (t)). 
Then x = Df becomes equal to the second column of D. With the flexibility matrix as 
given after the problem text, one has 
0 lOa 
1 23a 
f= 0 
g 
(8) 0 :::} X= 6 
0 6 
0 9 
Notice that (8) merely indicates the correct shape of the static deformation rather than 
the correct magnitude and dimensions from the load f. Actually, multiplication of the 
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vector x by an arbitrary factor does not affect the value of the Rayleigh fraction (3-308). 
The 2nd column of D is obtained upon multiplying the indicated vector x by the factor 
9 ;~ 0 ~~. The following result is then obtained from ( 4), (5) and (8) . --
3036 EI _ ~ ? EI 
537978 4 - 2.3 f0~08 4 
420 f.-La fLa 
(9) 
The exact lowest eigenvalues based on the complete mass- and stiffness matrices ( 4) and 
( 5) become 
w] = { 2.248248 E~ J.La 24.36476 E~1 J.La 
j = 1 
j=2 (10) 
The corresponding eigenvalues based on the reduced system mass- and stiffness matrices 
(6) and (7) become 
j = 1 
j=2 (11) 
Consequently, the errors introduced by the Guyan reduction are completely ignorable in 
the present case. Further, the Guyan reduction scheme provides a substantially better 
estimate for the lowest circular eigenfrequency than does the Rayleigh fraction. Further, 
results from the considered system have been given in the textbook in examples 3-15 
and 3-17. 
